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PREFACE. 

t 



A V I N Gt form tirm ago, hit upon a new and eajy 
method of invejiigating the binomial theorem, bf a pro- 
cefs purely algebraical j / was led to conftder whether 
the means which enabled me to invefligate that theorem 
wotdd not be of ufe in the inveftigation of other theorems ; 
and I foon found, that a method of computation depending on fucb 
means might be applied in many enquiries, IVhereupon, believing fucb 
method of computation might be acceptable to the Mathematical World, 

1, with a view of 'pubiybing it, endeavoured to improve it, and to 
difpofe the feveral articles relating thereto in fuch order as might con- 
duce to the eafy attaining a knowledge thereof. The refult of my 
endeavours is the following treatife ; in which the elements and com- 
mon branches of the analytic art are purpofefy omitted, ufisn the fup- 
poftion that the Reader ts previoujly acquainted therewith ; my defign 
being only to teach a particular branch of that art, with its applica- 
tion to Geometry and Natural Philofophy. Which particular branch 
I have called the Refidual Analyfis ; becaufe, in all the enquiries 
wherein it is made ufe of, the chief means whereby we obtain the 
dejired conclufons are Juchquantities, and algebraic exprejkns, as by 
Mathematicians are dominated rcHduals. 

The principles of the common Algebra and Geometry having been 
thought infufficient to enable the Analyjl to purfue his fpeculations in 
certain branches of fciencc', new principles, very different from thofe 
before made ufe of, have, through a fuppofed necejjity, been introduced 
into Analytics, The Fluxionijls, following Sir Isaac Newton, 

A 2 introduce 

Digitized by Google 







IV 



PREFACE. 

introduce an imaginary motion^ and recur to the generation oj quan- 
tities by a Juppofed flowing., or continual increafe, of their parts. 
Mr. Leibnitz and bis followers, to avoid the fuppofuion of motion, 
confider quantities as compofed of irflniteflmal elements', and rejeSl 
certain parts of the inflnitely fmall increments of quantities as infinitely 
lefs than other parts. In the Relidual Analyfis, (admitting no 
principles but fucb as were anciently received in Algebra and Geo- 
metry,) we neither have recourfe to infiniteflmals, nor to the principles 
of motion ; but confider magnitudes as already formed, without any 
regard to their genefls, exc^t in particular cafes, where the manner 
of their being generated may be the proper fubje^ of enquiry: And, 
as this Analyfis is not lefs (if not more) ufeful than the fluxionary, 
or differential, calculus, it will ccnfequently appear, that the Analytic 
art, founded, and carried on, upon fuch principles as were anciently 
received therein, (without the aid of any foreign ones relating to an 
imaginary motion, or infiniteflmals,) is far more extenfive than 
Mathematicians have hitherto reckoned it. 

^antities infinitely fmall, and quantities infinitely lefs than quan- 
tities infinitely little, being incomprehenfible-, and the ryebling certain 
quantities as infinitely lefs than other infinitely little quantities, being, 
except in approximations, a very unJatisfaSiory (if not erroneous) 
way of getting rid of fucb quantities: The Principles of the method 
of Infiniteflmals are certainly liable to Jbme jufi objehiions, which 
cannot be made to the Principles of Fluxions • j fuch infinitely fmall 
quantities as are almofl continually under confideration in the firfi 
mentioned method, being no way concerned in the fluxionary doStrine, 
when it is explained and applied in a proper manner. If any thing 
can be faid by way of objeblion to the fiuxionary method, it is, 
that the new principles on which it is founded, though accurate, 
are not the genuine principles of Anahtics, for the improvement 
cf which, tkofe principles were borrowed from the doctrine of motion: 
ylnd that, althugh fuch borrowed principles may enable us to give 
very concife folutions to certain problems, yet perhaps we muft not 
expebi to bring the Analytic art to its utmofi perfeblion, otherwife 

* Dr. Maty, comparing the method of Infiniteflmals with that of Fluxions, 
fays, “ Celle-ci a done Ic merite d’une plus grande cxadlitude, inais cet avantage 

eft rachet^ par la neceflite qu’elle impofe d’avoir recours aux principes du 
“ mouvement.” ■ Journal Britannk^ue, FVvr/rr 1751. 

than 
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than by proceeding upon its own proper principles. What weight 
there may be in fucb olyeSlion, I Jhali not take upon me to determine. 
Tet I mujl ccnfefs, that, how natural foever it may be, in the refolu- 
tion of certain problems relating to geometrical magnitudes, to corji- 
dcr fucb magnitudes as generated by motion, it feems to me not 
natural to bring motion into conjideration in rfolving problems 
pureb algebraical: Nor does it feem natural, in refohing problems 
concerning the motion of bodies, to fuperinduce imaginary motions, 
and thereuith bring into confideration the velocity ef time, the 
velocity of a velocity, Gff. nor yet dees it appear more natural, in 
the refolution of otloer problems, to make ufe of the fluxionary method, 
what (as is moji commonly the cafe in that doElrine) the fluxions 
introduced into the prccefs can only in a figurative fenfe be faid to 
be the velocities of tncreafe of the quantities called their fluents ; fucb 
figurative expreffion being not the natural language of Analytics, 
but frequently, injlead of conveying clear and dijlint} ideas, is 
confujeaiv employed in treating of quantities as generated by motion, 
which in reality cannot be conceived to be fo generated *. Tloerefore 
I am inducefi to think, that, not only in the refolution of problems 
purely algebraical, but likewife in Geometry and Natural Philofopby, 
when an analytical procefs is requifite, and what is called the common 
algebra is infufficient, the Refidual Analylis, which is founded 
(as I conceive) on the genuine principles of Analytics, is, for the 
mofl part, more properly applicable than the Fluxionary Anafyfis, 
which is founded on new principles borrowed as above mentioned. 
But however, very far from being pofitive in this matter, I freely 
fubmit it to the fudgment of the Public. 

In comparing the methods of computation jufl now mentioned, 
it may be obferved, that, where the direbl method of Fluxions 
might be applied, we, in applying our Analyfis, compute the value 
of the quotient of one refidual divided by another ; and, where the 
inverfe method of Fluxions would be applicable, we, from a given 
refidual divifor and a particular value of a certain quotient, 
qffign the correfpondent dividend, of a particular Refidual form. 
Now, the particular value, which we have occafon to confider 
of fuch quotient, being always to unity, as the fusion of the frfi 

9 

• Such quantities arc weight, dmfety, &c. 

member 
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member of the dividend to the fluxion of the firjl member of the 
divifori it therefore often happens, that, though we proceed upon 
different principles, part of our procefs is the fame as if we bad 
purfued the fluxionary method: So that, in fact, many of the articles 
in this treatife me^ be of the fame ufe in the doStrine of Fluxions 
as in this Analyfis j and probably fome of tbofe many articles may 
conduce to the improvement of that doSlrine, if the Reader, having 
ftudied it, Jhould chufe to adhere to it. 
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HAP. I. 

Terms Characters explained . 

lytT will be proper, in the firft place, to give an 
W explanation of certain Therms and Characters, which, 
in the courfc of this work, we fliall have frequent 
r/ij occafion to make ufe of : — accordingly, fuch ck- 
planation is here premifed. 



In any procefs, a quantity that is confidcred as always retain- 
ing the lame value, is called a determinate or invariable quantity. 
And a quantity that is not conhder'd as always retaining the lame 
value, but may be taken of any value whatever, or of any value 
between certain limits, (fome other quantity, or quantities, con- 
cerned therewith, at the fame time, remaining invariable,) is 
called an indeterminate or variable quantity. 
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An algebraic expreflion compofcd, in any manner, of any 
power or powers of any variable quantity, with any invariable 
coefficients, is called a fundlion of that quantity. 

For inftance, a -|- -|- cx* and are fundli- 

ons of the variable quantity x : And, y being equal to any fundti- 



on of X, 



ffxv 

— - — may be alfo confidered as a fundlion of x. 



If y be equal to any funSlion of x, it is obvious that x will be equal 
to fame funSlion of y. And if y and z be equal to any funSiions of • 
x, X and y may each be confidered as a funSlion of z ; and x and 
z, each as a funSlion of y. 

3 * 

If, in any given expreffion or fundlion of x, wherein x is not 

concerned, x be fubftituted inftead of x, the given expreffion 

and that which refults from fuch fubftilution are called fimilar 
funSlions of x and x rfilpedlively. 

For inftance, * — ^ * and — are fimilar 

t* g*' 

t 

fundlions of x and x refpedlively j the values of e, f g, f, 
and r being independent of the values of x and x ; And, y 
and y^ being ftmilar fundions of x and x refpedively, 

ax'y may be confidered as a fundion of x, and 

ax'y -}- bf""^ f*-|- JO'” as a fimilar fundion of x ; or the fame 

» * t / / / 

e.xpreflions {ax'y xy" and ax'y by">^ c'-\- xy") 

may be confidered as fimilar fundions of y and jy refpedively ; 

Oy 



I 

r 



I 
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bt Ct m, and u being determinate, whiUl x and x are 

indeterminate. 

4 ' 

y being any function of x, and y a fimilar fundtion of x ; the 

value of the quotient ofy — y divided by x — x, in the particular 

/ * 

cafe when x is equal to x, is called the fpecial value of that 

quotient ; and x and y are refpedlively named the prime member 
of the divifor, and the prime member of the dividend. 

The faid quotient, which algebraifts commonly denote by 
^“7 

ory — y -ir X — x, we fliall, for brevity fake, fometimes 

denote by !y] » and the fpecial value thereof we lhall exprefs 
by [xj-y]. 

Moreover, [x^y] and \xj.y^ being fimilar functions of x 

and X, the ipecial value of [x ^.y^ [x j.y] x — x will be de- 
noted by [x.£iy]; 

And, in like majnner, fx aiy] and [x being fimilar func- 
tions of X and x, the fpecial value of [x j^y] — - [xjj.^] -f- x — x 
will be denoted by [xjs.yJ ; &e. 

And the like is to be underftood, when, for any quantities 
having the like relation, other letters or characters are fubfiituted 
inftead of x, x, y, and y. 

Accordingly [x j.y] will' denote the fpecial value ofy — y -i- 
X — X, y and y being fimilar functions of x and x refpeCtively : 
And, [x^yl and [x^y] being alfo fimilar functions of x 

B 2 . and 
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and X, the fpccial value of [x y] — [x ^ tl - 4 - x — x will be 
exprefled by [xi<.jy] : Gfr. 

So [yj-z] will fignify the fpecial value of z — «-f-y — > 
z and z being fimilar fiindUons of y and y refpedively ; 

And [y J. x] and j. 2] bekig alfo fimilar functions of y and^, 
[yi^z] will exprefi the fpecial value of [y ^z] — [y.^*] -r- 
y y ' &c. 

5 * 

Let it be noted, that, whenever y denotes any function of x j, 
y» It y> &C. (hall denote fimilar fundHons of x, x, x, x, &c. 

* 1/ •• if* /// 

refpedbvely. 

Likewife, whenever 2 denotes any fundUon of y j 2, 2, 2, 2,. 

/ « /// 

&c. (hall denote fimilar (lindlions of y, y, y, jr, 6 cc. refpedtively. 
And the like is to be obferved, with refpedl to other quantities. 



When any quantities <u, x, y, 2, &c. are concerned in any 
procefs, and the quantities v, x, y, 8 cc. or [^.-.x], [vu-y], &c. 

are alfo concerned in the fame procefs j it muft be underftood, 
that X, y, &c. are each confider'd as fome fundUon of v, though 
their being fo related be not there particularly mentioned. 






THE 
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CHAP. II. 

Of the Invention of Rules necejfary to fact Hate Com- 
putations in this Analyfs* 

N making computations by the method taught in 
this Treadle, we (hall frequently have occafion to 
aflign the quotient of F — F divided by x — jc , 

F being fome fondlion of x \ or, at leaft, we (hall 
often find it neceftiuy to have recourfc to (bme 
Rule derived from a confideration of the relation between the 
fpecial value of fuch quotient and the prime member of the 
correfpondent dividend. Therefore, as the Books of Algebra 
hitherto publKhed are deficient in re(pe^ to fuch divifion, it will 
here be proper to (hew how fuen quotient may always be 
obtained ; and to deduce therefrom fuch Rules as may be ufeful 
to facilitate computadons in the fuccceding Chapters. 

I. 

The Theorems which chiefly enable us to perform the divi- 
fion above mentioned are the following, viz. ^ « 

v' — w' 
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v" — tu’ 
V — V) 



~ V' 



^v"~'v) +ir~3«;* 

2«l m tvi tM AM titi 

m — m — * — 

r Wr ^ V ' W + V ^ tV ^ 

. ■+^+¥+l‘<”> 



14 -^' + ^' {r) 

*lf I <t'l ty\ 

m and r being pofitive integers ; 



and uw — uw ivy. u — u uyv; — w j 



(”) ^ 



which, by an eafy multiplication, will be foand to be true. 

■■ m 

From the firft equation it follows, that - — ^ = — 




* Thii theorem majr be uiveAigabed u follovt. 
It is well kaowa, that 



and 



V — w 

a — b 



li — xT * 4- »" *” *tt; 4* t>" *»* (m)j 

= a'-^ + a' -*6 + (r), 

m and r being politirc Integers. 



In the fecond equation write v ' and tv >' inftead of « and d reTpedively, 
and you will have 

« « fft tM m tm 2m 

V — ty ^ ^ — 

SSV '^4’^ ' Uf' + v ru/r (yj. 



Then, from the firft and third equations, it will appear by divifion, that 

m m 

v^—w', V + 1 ^ to (m) 

' — IS := ■■ — I : 

t; tu m tm m 

M m — 

V ' ^ tf 'tu^ {r} 

Which being fo obvious, it is matter of furprize to me, that Algebraifts have 
not before obferved it, and Ihewn its fingulat ufe in Analytics. 

Example 
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Example I. Taking ” r= — we have 



— ■a;3-4-'u — to = 'i;5X 



* * H f- — +—\ 

— * *v* 



1 + 



IV ] « , "owl 



Whence it is evident, that, when wis =v, the quotient of 

± ± — 

— <w* divided by “u — w is equal to • 

Moreover, -j being = 1.3333 &c. 

^^+ 1 ; + 1^1 + i;! (‘3333) 



vJ — — <a;i8 = v>X 



or, more nearly, =z v * x 



*+H’ +1’ +H' 

f ‘ + ^ +H +D (‘33333) 



nearly; 



&c. 



Hence it is likewifc evident, that, when w is s= v, the quo- 

±± — 
tient of Vi — w 3 divided by v—‘W is equal to 3 : For, the 

ratio of 1333 &c, to 1000 &c. being as 1.333 &c. to i, 

the ultimate value of - * 'j' (the value of 

1 -f I + I + I (1000 &c.) ' 

*+- +'^ (1333 &c.) 

when w is equal to v) is manifeftly 



■ +1’ +l’ 



(1000 &C.) 



equal to the quantity From which (by divifion) 1.333 &(• is 



obtained. 



Exampls 
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Example II. Taking j = s/l = 1.4142 we have 



V 



•w 



y/\ 



■ V 



■W: 



:V 



or, more nearly, = v 



tw 




i +- 

1 * ^ 


1 (*414)3 

rt 


I+- 

1 4- - 

J ' -V 


1 ''* -1 

1 * *v' 

•HI 1 

+ - 
a; ' 


1 +=i 
+- 


/ “ fcf 

jVi 

(1000) '■ 

1 (' 4 ' 42 ) ' 


■ + ^ 
* V* 


*v' * 


jv'; 

(lOOOO) 



&c. 



Whence it is evident, that, when w is = the quotient of 

<0 — w divided byu — w is equal to v 2 x v : For 

the ratio of 14142 &£. to 10000 &c. being as 1.4142 Gfc. to 1, it 

is manifeft, that the ultimate value of ^ 

I + I + I + I (10000 Ac.) 

I 4.™ 4.^ 4!^ (1414a &c.) 

(the value of - 






when 



W IS 



equal to vj is equal to v/2, the quantity from which (by ex- 
tra^ng the root) 1.4142 C^c. is derived. 



id — H — + ~l v*”) 

Corollary I. Seeing ^ is equal 

■ + 1 >' +W + W 

to — , when w is = ■u ; it is evident, that the fpecial value of 

“ m 

m m I 

.o' — to'-t-v — wis equal to ~v ' , whether * be pofitive or 

negative. 

Hence, by fubllituting p, x, and x, inftead of ”, *u, and w 

rcfpcilively ; it appears, that, p being either pofitive or negative, 

[x x^] (the fpecial value of x^ — x^-^- x — x) is = // ^ 

' ' Corollary 
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mm mm 

Corollary II. k-\-av'-\-bv' (xc. — k-\-w' bw' &c. 

mm mm 

being a x V — to' b xv‘ — w* &c. 

mm mm 

av' -{■ bv‘ &CC. aw' bw‘ 6cc. -j- <u — 
is = av' xM + ^'”"*>cN &c. 



and av ' -\-bv ' 6cc. — aw ' bw • &c. v — w 

“ I JL 



= — V V ) 



' X "M. — bv *00 *xN tSc. 



M being = 



, *W , *ltl «iv|* 

* + 1: + «! + («) 



■+xi'+#+^r- w 
■+; -jH'+H'- (• ) 

Gff. / 

Moreover, 



and N = 






{xj.k-\-03f -\-bx^ 6cc.J is, in general, 

2. 

m m 

Suppofea' uidT^z =z f • 

' / / •' ■ 

* M 

Then, z — z being =zfx ^fx, z“ — /e— ./e will 

' / / ^ 0 

be = F, and z' ~zr 

r' r I 

• Example, Let z be iuppQfed ssax“\’x^t and z ss <xx 4* x*s : 

Q ’ then; 



9, 
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then, F being (by what is faid above) = 




X 



and y = -f- X 


1 

‘i' X 


1 + — — , , 

^ * z' — z' X — 

_ » — ' 






+ * Tl* 




» + 


7 ! +tI 






will be 


SC 


71‘ 


X 

9 




+ tI 


H , * + 7 


= Z' X 


— - 71 — 


■ ^ J ^ 1 ^ 

71t 


1+11 


1+5' 


(r) I + 1 +1 



X 



• 

4 . 

1 



Corollary. Whenxis = x, zwill be = 2, and/=[x.i.2], 
/ * 

z being any funftion of * j moreover, by Cor. i. of the preceding 
Article, F will be p being written inftead of 

Therefore [x will be = ps^ X 2:]. 

Example I. Suppofe z = a + ex &c. Then, 

[x^z], by the preceding Article, being = imx + 

— {x ^ a -\-bx^-\- cx” &c. f ] will be = 

p^a-\-hx”'-\-cx &c.l^ *x bmx”"~' cnx”'~' &c. 

Suppoling the coefficients c, d, 8 cc. each = 0, we have 

jL a ^x*”l 3 = bmp X X X . 



Example 
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Example II. Let z be fuppofcd = cx* c ^ 

Then cx -^a-^lix . — ix” -j- a belng=e.x"— x" 



a^-\-v^X 






4* ‘ — V‘ X 



o> t/« 



a a* — y‘l -i- V — "O (by what is iaid above) being 

V + ® 

equal to — and ^ 



V — <y (= V* V — -u) equal to - r . 

* f / * W* 4- D* 

' C 2 



IE 



4" — a 1 , [x _!. f X 4" a -}- ix^’f J will be = 

(x^cx"] -f [x^a-\-bx”f\ = cnx” ‘*4* bmp x a4-^x”’f x x**'*, 
and [x cx” -}- a 4- bx’"^ J = y x cx" 4" •* 4" *x 

c«x” "" * 4“ bmp X a bx”\^ X X 

, 3 - 

Seeing uw — uw li = iv xu — u u x-w — io, as we have 

' ' / / t 

before obferved j it muft follow, that uw — ma v v is 

M Si W fi; iff 

— 1 DX - — j + «X 

V — V ' , V — V 

I « 

Example. By taking «,* w, u, and w refpetflively equal 
to a* — <i;‘l , a^ 4 - v\ a — -u*) , and + T>i, we have 

« f f 

a — X al + — a — «uM* x ai-f- -yl = ' 

» + V 

— -L. <7)^ 



COROL* 
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then, F being (by what is faid above) 




t 

and f ■=.a X J x 





M 







will be 


*~T|‘ 
+ tI 


X 

(m) , 1 + 1 

- 1 — * X 






^ ^ » X - M ' 




11^ 




i + - 


+ 7 I 


(0 I + -I +-I 



Corollary. When x\i = x,z will be = z, and f=[x^ 2], 

2 being any fundlion of x j moreover, by Cor. 1 . of the preceding 
Article, F will be = fz^ p being written inflead of 

Therefore [* s/J will be =^2^“” * X [* 2]. 

t 

Example I. Suppofe 2 = ^ "i" Then,' 

[*^2], by the preceding Article, being = 

tnx * &c. [x _s_ a fx" &c.l J will be — 

pXa-\- ^ &c.l^ X bmx” ~~ * + f»x" ' &c. 

Suppofing the coefficients c, d, &cc. each = 0 , we have 

[x jL a-{-bx'”^~\ = bmp x a-\-b)T^ x x” ” 



Example 



Digitized by Googli 



II 



Chap. II. ANALYSIS. 

Example II. Let z be fuppofcd = ex" 4* . 

Then ex' a + bx”^ — ex" a 4- ^x'i^belng =e.x" — x" 

4 " a 6x~f — ~a~^\^~bx~\ , [x _s. f x 4 " <* 4 * J will be = 



\xj-Cx"~\-\-[x^a-\-bx”'^ , r=zenx”^'-\-bmpxa-\-l>x”‘^ xx'"~*, 



and [x _i_ ex" 4 - « 4 " ^■’^”*1 


fi'j 


1 M 

I =yx<x 


cwx”"” ^-{-bmp X a bx”' 


P — 

1 


I m — t 

X X 



q—i 



, 3 - 



Seeing uw — xa; is = w x o — » 4 - “ X — «>> as we have 

' ' / / . 

before obferved ; it muft follow, that Uw — uw -f- V — V is 
u — u . to — w ' ' ' 

= ®’X“— ^4-“x 

# « 

Example. By taking w,* w, «, and w refpcfUvely equal 



to a — <u‘ 1*, «*4-vs — ■u*r, and tfl4 -Dl, we have 

X 4 " — <i‘ — *u‘l* X a* 4 - *01 -i- t; V = 

' / * . 

V -f* ® 



Til 



— tf* 4" X 



— — ■ ' ' - -A- y ^ , 

— w*+ — * 



® 1 *** — -i- 1; — 1) (by what is laid above) being 

w + V 

*“ “ “d +-^‘ - -' + ■ji ^ 

V — k(=: .)*— — D),qual to-j-! — t. 

» » / ^ 

^ C 2 ' COROL*- 
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Corollary. When *0 is = v, a and w will be equal to u 

• • t ^ 

and w rcfpe<flively, thelc laft quantities being any fundlions of v. 
It is manifeft therefore, that 

[v uw] will be = w [v ^ a] a [v w]. 

Example I. Suppofing a and w Jo be refpedlivcly equal to 
y” and y", (i. e. fuppofmg x and y to be equal to any fundions 
of V,) we have [<u = y" x [v ^ x”] >"} 

= wy”~'y” [v -i. x] -f- nx"y"~“ * [v _i. y]. 

Example II. Suppofing v, a, and w equal to x, fx”, and 
a refpedively, we have 

[x^fx*xa+7yl J=a-|-^x^ x [x rx”*] -j- cx*x [x_t. a + 

fw X a + ^x'l X x”“* cnx ” x a -f" x[xj.a-|-^x^3 

= cmx a-j-ix^l xx**”*-|- benr y, a b>i\ xx”'^'^”'*. 



Example III. Taking a and w refpedively equal to a-^-^xi” 
and c-\-dx'’\ *, we find 

[•u J. a + ^.v"l X e + ~\=. c d^\ x [*t;_i-a -{-^x"| J 

a -j- ^x"l X [u J. T-j-^71 J = OT X X a^-^x^ 

x[v^a-j-3x*J — a + ^x"l x7-j-^7l X -^-</x^3 = 

bmn X f X a -J- b)A *xx*~*['u^x] — </rxa + ^x"l x 

cJfdxrr X x^“'[v^x] ; a, by c, d, nty «, and r being de- 
terminate, whilft X is indeterminate. 

Example IV. y being any fundion of x, we have 

[x j.a-f-^x"l xy'3==y'x[x_La-j-Ax^ 3 + a-f-^x^l x 

= »5^’’xa+^xi’’~‘x[xj.a-f ^x”] rf -^xa-\-^\ x[x^^] 

= bmx^"Y ^ ^ x a -f b^d'T x [x ^y]. 

Example 
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Example V. 

[x^z[x^z'i] is =[x^z]* z[x^z], 
[x^z[x^z]] =[xj-z\x[xjLz]-\-z[xMLz]y 
[x-Ly [x -L. 2]] = [x^y] X [x^z] -\- y [x^z], and 

[x [x X [x 2]] = [x ^y] x [x ^ 2] [x _L_y] x [x^2]. 
y and 2 being any fundHons of x. 

4 - 

uw — uw being (as is obferved in the laft Article) = w x 

+ uxw—wsszAi tewx — wax will be = xA 4- aw x x — x 
> > 1 1 • '// . 

= «»x X u — a XU X. w — w 4- awxJtf — x = B; and 

' ' ' / ' / 

awJ 5 > — ^^=yB-|-iwxX;' — y^wxyxu — a-j-J^axw — iv 

4- ymo X X — X 4 - wax xv — y = C j 
It is evident therefore, that uwx («) — wwx («) is = wx (a — i ) 

• 11 ^' ' * 

Xa — a 4 -; 9 »(a — 2)xaxw— w 4- jr2 (a — 3) xaw xx~"x 

/ / ^ y / / 

4- (n) » and, confequently, 

» — » 

awx (a) — wx(a)-i-v— y=wx(a— j)x^ 4- xy{n-^2) 

> 

W—W x^X 

* “ X (« — 3) X ^ X 4 - (a). 

M W f ^ • 

, I 

*> a 

Example. Taking », w, x, a, w, and x equal to t;”, 
*, b 4^7 and 3 4- vis refpeaivcly ; 

we have 'I'^xT+^^xr+lilT^ 
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-^v — V = a-^vY *X 



Til T 
* + ^1 + ^ 



— + 



* JL ■ i 

^ + vl* xv* X« + ■VI *X 



« + 






« + **4 



X + r ’ x« + ‘vl ‘ X 



nr;i”^x 



t+ 



A -f- w 



* + 



^ 'w| ^ ^ *v 



r; — V' ~i~v — ojfbywhat 

I ' / 



^ ^ V* 

is fald above) being equal to v 'X 



‘Til » 

* + tI + 



<* -}■ * — a 4" ■v] * -X- V — *u equal to + ^ 



« -l" '*' * 



1 + 



« + 



and ^ -4" v| * — ^ + *pj » -j- ^ — V equal to 

i V 

^ + TT^ 



b-\-v\ ‘ X 






* + 



b •\- V 



b^‘ 

6 ^ *tr 



Corollary. When *v is equal to u, w, x, y, &c. will 

be refpedlivciy equal to «, w, x, y, &c. thefe laft quantities 
being any fundlions of •». It is evident therefore, that 

[“U -L wwx (n)] will be = v}xy (« — • i ) x [*u «] -f- uxy (« — i ) x 

[«j-w] uvy{n — i) X [vjlx] + («). 

Example. Writing i/, /; inftcad of «, w, >f, and 

y refpcdlivcly ; we have [vj.i/ w^xV j =s w^x*y x [v ^ 4- 
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u,xy X [v "I" ^ ‘“'V [*y — ^^3 + ^ X [v i y J 1= 

pv?x^yti~^x. [vj-u] + qif xy'u?' * x [v j. w] 4 - ruis^yx~^ 

X [v ^ x] + sitit?)*y~“' X i tt, IV, X, and y being 

any functions of v. 

5- 

Suppofe F — F-4-X — x, =Q, and f — f x — x = y ; 

Then, F — F being = x — x, and/ — f^qy^x^x, 
F — F f — Jf is manifcftly = 

* -£. 

Example. If F, / F, and / be equal to ax + x‘|*, x% 

ax 4* ^nd X* relpc£lively ; F — F-j-/ — / will, by 
what is done above, be 

«* + jr» 

^ / f 

= ax 4 - x‘p" * X + X 4" -r ^ -r- 

«*•+**<■ wc ;r*l‘ * 

# . / ’ . j 

, ^'^ax-^x‘'^ax-Y-x^ 



CoROLLARy. F and / being any fundlions of x, the value 

r~ F 

of the quotient or fraiftion — — j, when x Is =: x, (i, e. when 

/ — jf f 

both numerator and denominator vanilh together,) b = tii:.— 

. Example* 
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Example. If F and / be equal to Jf*|* and ,2-|-x{’ 

F — F ’ 

refpe( 5 Uvcly, the value of {— 



+ x|‘— 7+71 



n 1^ 



^vhen 



. . , 3xXfl* + Jr'l* o* + 

.V IS = X, IS equal to j- = 2x x ^ ^ 



•7 X <» + 



6 . 

N and D being algebraic expreffions fo compofed of x and. 
other quantities, that each of thole exprelllons b^omes equal to 
Nothing, when x is equal to fome certain quantity ^ j it is 
obvious, that N and D (the exprelfions which refult by writing 

X inftead of x in N and D refpcdUvely) will both vanilh when x 

is equal to k. Therefore, if, in the quotient of N — N divided 

by D — D, X be taken equal to k, the refulting cxprcflion will 

be equal to let x be what it will. Now, by what is 

Ihewn above, the quotient of N — N divided by D — D 

/ / 

N — N X — X. 

(= — ■ j may always be readily afligned in terms 

D — D -i- X — x/ 

• » 

which lhall not vanilh when x and x are each equal to k, 

unlefs the value of that quotient be then = o : confequently,' 

by aligning fuch quotient, the value of ^ will be had, as well 

when N and D are each equal to Nofbit^f as in any other 
cafe. 



Examplb 
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Example I. IZo dtvtdt ^ 2<j* 2x* “• 2 <z’x* by X'~~ 

The dividend and divifor both vanifliing when x is equal to 
<1, it is obvious, that, if, in the quotient of 

\/ 2a -f 2x* — 2a'^x'^ — i/2fl* -f 2x‘ — 2a^x^ divided by 

x-~a-~x — a, xbe taken equal to a, the refulting expreffion 

will be equal to let x be v^-hat it virill. 

^ 2 a* 4- 4. ax* — 2a^xT 

Now : 1 is mwifcftly 



X — a — X — a 

t 

V'aa* 4 - xr* — . V'jta* 4 . 2 ^ 



( I 

rT— ,T 



* X ■ ■ i which, by what 



2 X ;r 4 . ;r 






is done above, is = — — 

✓ 2 ^- 4 . 2 .r‘ 4 . ✓a.* 4 . 2 ^» ^4 . ^ 4 ^ 44 . 

» # 

Confequently, by taking x equal to a, we have 

4- 2x' — tgf 2 X a 4-sr 

. 2 a 4 - 2x' “■ “4 4 . ^ / • 

Whence it is evident, th at, when x is equal to the quotient 
of \/ 2a^ 2X* — 2tf'^X 



* -f- X — <2 is :£= i.. 

3 



Example II. Suppofe N and D equal to ^2k'x x* - 

\/hc and 2x ~ 7 ^' H~ ^ ' refpeBively, 

Then y/2 k'x— X * — — y/ 2 i’x — x* — — 

■ t • / * 

* — X being = Z^'x — x^ v/a/t’x — x* -j- IT^x — 

/ - / , 

D 
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ai’— «•’ — x' i • 

' ' ' — 



y/kx' — v//bc’ -i- X — X = - ■ ^ 

/ • V 2k' X — x+ -J- ^2k'x - X* 



X* X 



t * 



X X I 

^ + 7 + t| 



■4 



, and 2x — yk* 4- — 2x — yk' + -?*■ 



-*x= 2 x — 2 X-S-X — X — yk' 4- ^‘ 1 * — 7 ^' +«'l* 

j ;r‘* 4- jfjp 4- X* 

, — ^ ' X • r 

-f- X— x = 2 — 7^‘+Af 



■n » 



7 *’+*’r 7 *'+ -T*!' 



» + 



T + 



7*1 +*M ' 7*i+x»l 



N — N -r- X — X 

' will be = 

D — D -f- X — X 



ai> — x’ — x’x — XX* — X* 






•J 2 i’x — X* 4- ai*x — X* 
• / / 



— - 6 *x‘ X 



.4- 



X* XX 4* X* 



t f 



^iTIjrxi|' 4- 7** 4. x’i^x 7^1 4. x'1^4. 7^’ 4- »’r 



N 



From whence, by taking x equal to we get — 



— x’ — ix* — <f’x T 7 I^ V * ^ x 1 . 

v^ai’x^^ ' 



■ 1 - 41 ^ 



2 — 



,* 4 . ix 4 - /t* 



- = 

7-»« 4- x>\’ 4- ai X 7^> 4- A>1 4- 4^* 



Hence 
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Hence it is evident, that when is = 

‘/%k}x — X* — »/ kx^ 10 ^ 

a;r— 7 

Corollary. Seeing it amounts to the fame thing, to take 
X equal to x, and afterwards x equal to j as to take, at firft, 

t 

X and X each equal to i : it is obvious, that the quotients or 
* N r* Ni 

fradtions pj- and become equal to each other, when x, in 

each, is taken equal to k. 

Example I. Suppofing N and D equal to \/ zr'x — ."x* — 
v/rx* and 2x — yr' -{■ x'j • rcfpedUvcIy we have [x ^ N] = 



r’ — 2 Jf’ 3 ‘ ' 



2r*AT — X* 



— — r‘x*, and [x _r. D] = 2 — 



It 



7 ''* + ■<^’ 1 * 

appears then, that the value of , when x is taken equal 

£:r^D] ^ 

to r, is = — — ; and the fame is the value of when x is 

fo taken j which agrees with what is done in the preceding 
Example. 

Example II. If it be required to find the value of the 
quotient of «\/ 1 — a* — a\/ 1 — divided by « — a, when 

I * f 

u is therein taken equal to » ; we are to confider u as inva> 
riable : then, the fpecial value of 



»v^ I — a* — a\/i — a* — u>/i — u — uy/ 1. — a* -f- 

t 9 ft ft 



u u being = — -- — y/ 1 — u and a— a — a— a 

/ /' v' I — - «* • „ 



-5- a — a being = — i, we lhall have 






= +v/i-a‘. 



(= for the required value of uy/i — u — u>/i—u*, 

D t Example 



rr. * — «• 
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Example III. Let i, c, and y be any fundions of u •, and 
let it be required to find the value of the quotient of 

n — yxcu\/i—u — cus/ i—u -^suu s>/ 1 ~~u xy/ i — u^ 

t • i * 0 

divided by a — u, when u is therein taken equal to u. 



Here we are to confider », s, c, and y as invariable ; and 
we may obferve, that the propofed quotient is 

■=. sx y — uiy — y %/ 1 — uxy/i — U'^u— u — 
cy X a\/ 1 — u — u>/ 1 — u u — a. Now the Ipccial va- 

t 0 0 0 * 



lucofy— aay— yv^i— a‘x v/ 1— a* — y—uuy^yy/i-uxy/i-u 



H- a — a is = — [a x aa -f- i — « X \/i — a* — 



vy / 1 — «* — 

uy 4 - — f and a — a — a — a-l-a — aisrs — Ij 

*• ' — It* ' tf t If 



moreover, the value of uy / 1 — a* — uy/i — a‘ -i- u •— Ut 

0 0 0 

when a is = a, is equal to — ' ■ by the preceding Example : 

therefore, [a jlj/i] being = [a^y] when a is = a, and yf being- 

then — y, J [a _Ly] — ^ is the required value of the 

quotient propofed. 

Example IV. Suppofc y to be any fiindion of x 
Then, [* J- y] — [x | y] = [x y] — being = 






iV — Jr 
$ 



we have 



[4rJ.jr] — [jfijr] x — x X [x J.y] -y-^ 



ff—x 

$ 






where 
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where both numerator and denominator vaniih, when x is = at 

/ 

(jy being then = ^). 

Therefore, by our rule, the quotients or fraSions 

0 

— C*-^] + 

and — are equal to each other, when x, in 

— 2 X X — » ■* , 

0 

each, is taken equal to x. But both numerator and denomU 
nator of the fraction ■ -- vanifh, when x is equal 

— axjr — jf / ^ 

I 

to X, Therefore, applying our rule a fecond time, it appears 

— [* I jrJ [xjl-y] 

tiiat the quotients or fractions —————and are 

* a 

0 

equal to each other, when x, in each, is taken equal to x. 

Coniequently the value of the quotient or fraction - — — — - — id, 

/ 

when X is taken = x, is equal to fx[x”.y]i which, it is 

[xUL]t^ 

plain, is the value of when x is taken as juft now men-' 
tioned. 



y, z, &c. being any functions of x ; and F and / b^g 

algebraic expreffions compofed, in any manner, of all, or any 

91, the quantities x, y, z, &c. and any invariable quantities :• 

If F be always = J, 

F will be 
/ / 

F - F =/-/, 



F— Fh-x — X =/— /^ X— X, 
• / / / • / 

and confequcntly [x^F] = [x jl /]. 



«• The 
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r> The deduc'ing this laft equation from the firft, (and like- 
wife every fimilar operation,) I call refidual divijion : — For the 
ready performing of which, the Corollaries to the firft four 
Articles may ferve as Rules. 

Example I. J£ ax be = by", we fliall, by refidual divifi- 
on, have 

a = [jf j. by”''\ — bmy" ’ x [x y] ; 
ox a x[y ^x]=i[y^ by’"'\ = bmy"~^ ; 

or X [-U = bmy"'~''X [v j. y], 

V being any fundlion of x or y. 

Example II, If y be = a -f — cz, we (hall have 
[x ^ y] = b — CY.[x u-z], 
or I = ^ [yj_x] — c[y_Lz], 
or [2 ^y] = ^ [2 -s-x] —■ c. 

Example III. From the equation = b' — x’( , we get 
amy”^^ [x -!_y] = -1- znx%b' — x*f“* j 
or amy”'~‘' == — 2«x [y-^-x] — x‘l* 

or amy’"'~^x[vj-y'\ = -‘2nx{v^x] X^‘ — x‘1"”*, 

V being any fundtion of x or y. 

Example IV. From the equation x — oyz, we find 
I = amzy" * x [x .i. y] + any ^ x [x 2]. 



Example V. If x be = — + \/y‘ 4* * — * 4" 

Z 

y‘ 2 ‘ls we (hall find, by our refidual divifion, 

j ^ y j* y[» - ^y1 + «[* — »] 






Example 
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Example VI. o' -\-y^ being = j/ x di"-|-xi , we get 

m-l, T . >-l « , H + 

my [xj-y\=sp)f y, a x \ nqx 

Example VII. From the equation ax^y bxz* — cy'z'^ 
we get 

zaxy -j- < 7 x*[x -j- + 2^X2 [x ^ z] = 2 cyz*[x jt.y] -|- 

2cy'z[x 2]. 

Example VIII. ax^-\-b>^^ cy* being = o, we have 
am)T ~ * + bp^T^ ~ * + ~ * —y\ — o- 

Example IX. Suppofe x = <^*[x_i-_y] : then, by our di- 
vifion, we find 

ft 

I = 2 ay\x ^y] -f- tfy‘ [x jj.y ] . 

Example X. Let aty [* -^y\ ^ fuppofed = o : then 
we (hall have 

^ y^ 2bx [x u-y'^ -4- bx' [x ^y] = o. 

t 

Example XI. ax[x^ 2] + — .?*] + being 

= o, we find 

<7 [x ^ 2 ] + <zx [x oL 2 ] 4* ^ -^y] —y] + ^ + 

2 c[x^y] [x^y] = o. 

Example XII. Suppofe x* + axy by' = o\ then, by the 

divifion fo often mentioned, we have 

2x ly ax\x _i_y] iby [x ^y] = o : 

And from hence, by a fimilar procefs, we get 

% 

2 -4* 2« [x j-y'\ -4* ax [x Jii-y] + 2^ [x ^y] 2by[x jj.y'\=. o '. 

Example XIII. If y be = aiT ; [x _«.y] will be = <7wx"* *, 

[x ^y] = am . «— -i .x”*”*, and [xjty] = am . m — i.w— 2 

CSc. as appears by the method of divifion above-men- 
tioned. 8* 
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8 . 

x—z » — * <f— * 

1 is manifeftlv = ^ -i ^ : it is obvious therefore, 

jr ^ 1—3 3—1 

0 t • 

that, y and z being any functions of x, 

[x -i. z] is = 



3—3 * — f 

X being = 1, -s-y] X [y -i- Jf] is evidently = i. 



and {xj.y\ = 



[J' - *1 

From this laft equation, we get, by rehdual divilion, 

[x jLjr] = [x _i. p— ^ — j J, which (by what is fliewn in the pre- 
ceding Article) is = [_y — - — "I x 

r y J 



I _ 
[3 



r y xl 

.Moreover, from the equation [x^^] = — - ^ — ^rj*’ 
find, by rcfidual divifion, [x jii. y] = — J = 

= + eft. 



From what is done in this Chapter, it appears how the values 
of the quantities [x^-y], [x_s.y], &c. or [y _:_x], [y-!£- &c. 

may be obtained in terms of x and y, from an equation (hewing 
the relation of the two quantities laft mentioned, when no expo- 
nential quantity is concerned therein ; which values we (hall 
have frequent occafion to compute in the inveftigation of propo- 
fitions by this Analyfis. Rules for computing the values of the 
(aid quantities [x ^y], [xjLy], &c. [yjLx], [yjLx], See. from 
equations containing exponentials, will be given in the next 
Chapter. 



THE 
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RESIDUAL ANALYSIS. 



CHAP. III. 

Of Exponentials and Logarithms. 



S one variable quantity may be denoted by the 

algebraic expreflion x, or the like, where the Root 
only is variable whilll the Exponent remains inva- 
variablc j fo may another variable quantity be 

” » or like, where the Exponent only is variable 
whillt the Root remains invariable. Therefore, having Ihewn 

how x" — x”, may be divided by x — x, it will now be proper 




to fliew how n — n- may alfo be divided by the fame divifor 
*)-—In doing which, we fliall firft affign the value of n 

in a certain feries of terms of n and x, wherein the exponents of 
the feveral powers of thefe quantities fhall be invariable : by 
help of which feries wc (hall be enabled readily to obtain the 

defired quotient of n — it' divided by x — x. 



E 



We 
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We fliall then fhew how, by means of that quotient, the value 

of n may be afligned in another feries of terms of n and Xy in 
which die exponents (hall be invariable j and likewife how, from 

the equation n — v, the value of x may be afligned in a feries 
of terms of « and *u, with invariable exponents. — From whidi 
feries many ufeful concluflons relating to Exponentials and 
Log.arithms will be eafily deduced. 



r. 

m 

Afumhig x'= i-|-b.x — i-f-c.x — 1 | + d. x — 1 1 
&c. it is propofed to find, in term of m and r, the coefficients 
b, c, d, ^c. 

Writing (in the alTumed equation) y inflead of x, we have 

m 

— .1 . » I 

y'z=.i-\-h.y — i-j-f.y — 1| -j- ^ 

and by fubtra£tion, 

M m - ’ - ■ 

— • — ^ X X 

x' — y' —b.x — y-\-c .X — i| ~ y — i] -\- 
d . X — i| — y — i| £cc. 

If, now, we divide by the refidual x — y, wc (hall get 




b-\-c.x — i+y — i-\-d.x — il -\-x — jxy — i+y — 1 1 
' See. which equation muft hold true let y be whjt it will ; 
From whence, by taking y equal to x, we fuid 

i 

— xx' — I 2^ • J1 

Confe- 
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Confcqucntly, multiplying one fide by x and the other by 



I X — I, we have * x x', or its equal 



— + ~^'X — I -{• ^ — il + ^ . X— il &c. 

= ^ 

Hence, by equating the homologous terms, it appears, that 
^is = A c = J = !Ilz:2L,c, . = :/,&€. 

r 2r 3r AT 

In like manner, if we alTume 

~T’=i4-^*x — i4-c .X — i\ -\-d.x — if&c. 






we 



fhallfind^ = — « f = — ^ = _2L±i:.c, ficc. 

r 2r S'" 

Confequently, being = ;T~t, it is manifcft, that, 

whether the exponent be pofitive or negative, x~ is — 
&c. 



r zr y 



Hence, by wnting n inftcad of x, and x inilead of — , we have 

&c. X being any number whatever. 

And, by fubftituting, in this lall equation, infiead of 



it appears that T+J] is = « + x.a*- 4>x . ^ - V 

T 



“1" ^ ~ ^c. which is the Binomial Theo- 



rem *. 



2. The 



* f*me^conclufion, by referring to what is proved in the preceding 

- . . . 

2 that. 



- .m-w wtiwaustvilf vj ICICSlIllg lU wna( 

Chapter, may be obtained in the following brief manner •, but I prefumed. 
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2 . 

Jf JT « — Jf 

The expreffion * being = «' x ^ which by the 

0 0 

preceding Article is 

X — X—1 ^ x—x—l X—X^2 ^ 

= rr xn — 1 — .n— il ■] ^ — . — - — — i| 

it is obvious, that, when x is equal to x, the value of the 



quotient of — n- divided by x x is 



* n il I n — i| 

= a xa — I 5- H 

2 I 2 

g being put for the feries a — i ■ 
which converges when a is a pofitivc 
Writing i inftead of a, we get 

fpec. val. of 4 — ’7"^“^ — 

n »' 




number lefs than 2. 



-L X fpec. val. of 

n . 

1 




that, upon the iirft application of what is there uught, it would not be amils to 
give a more explicit procefs. 

The brief inveiligation is this. 

AlTuming i -|- = i q. Jo 4- tv* + A»’ 

we get, by refidual divifion, (v v being the divifor,) 



X X 1 + vl* * r= J + art; + 3*'* 

Confequently, multiplying by 1 + we have 

* X I + o| , or its equal x + xbv + xtw* xdv^ Wt. 

From whence, by equating the homologous terms, J, e, d, &c. will be found 
equal to a-, ', * *~' ^*~% lit. refpeaively : And then the value 

of tf 4. ^ may be obtained by fubfiituting ■j inilead of v. From 
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From whence we find, that the Jjxc. val. of n* — n--^x — x 
is alfo = X — 



I n — 1 



• *» 



g being now put for the fcrics 



+ I n— I 



&c. = gxn , 



« — » I 

n 



I n • 



+ 7 - 



Gfc. which 



converges when n is any pofitive number greater than — . 



yljfuming n* = I -f Ax + Bx‘ + Cx’ &c. it is propofed to 
■\find, in terms of n, the coefficients A, B, C, (ifc. 

n- being = i + Ax -f- Bx* 4 - Cx' &c. 

we have, by fubtra(fUon, 

jr 



n — «' = A.x— -X + B .x‘ — X* 4 - C.x’ — x’ 6cc. 

ft / 

and from hence, by divifion, 

X X 

” = A + B.x-|-x-^C . x‘-j-xx-f-Jf* &c. 



Now, the quotient of n* — n- divided by x — - x being, by 
the laft Article, equal Xagxn when x is = x, it follows, that 

g X or its equal g -fgAx + gBx* + gCx' &c. 

is = A aBx 3CX* + 4Dx* 6cc. 

From whence, by comparing the homologous terms, A is 

found = g, B = C = il, D = G?c. 

^ 3 4 . 

Therefore n* is = i 4 - gx 4- 4- 4- ^c. 

I 6 n a ^ a.3 ^ a. 3. 4 



"From the equation n* = v, 
of n and v. 



4 * 

it is now propofed to find x in terms 

tf 
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If X be aflumed — i] 4" ® — *1 

and n- = -u, {m. A, B, Gff. being fuppofed independent of v,) 
/ 

we (hall have i 

x = «/X'y— I 4-A.‘u— il — M 

, / ' / 

and, by fubtradion, 



V — i| — x;— il 
$ 

X X 



— X = m X V — t; + A . v— ij — v— i 

* t * 

From which laft equation, by dividing one fide by ii —n 
and the other by v — v (= v — i *— “u — i ), we get 



X X 



1 = m X I + A .v-i +W-I + B . V - il +w-ixv-i4-y- 






n — n 



HeiKe, by taking x equal to x, and v equal to v, we have 

■ * " 1 ^ < 

—I — = ff;Xi4"2A.‘u — I 3B .'u — ij 

gx n 

” XX 

g X »^, by Art. 2 , being the value of the quotient of n tt‘ 
divided by x — x, when x is therein taken equal to x. 

But — is = — = ^ which, by divifion, is found 

n ^ l+v— I 

% 1 ♦ 

equal to i —*• v — i 4- v • — il 4" ^ — * I 

It is evident therefore, that 




•u-il &c. 



is = »7X i4"2A.‘U-i4-3B’^“J 

From whence, by comparing the homologous terms, we find 
„ I A ' B — - C D==-, and 

7 ’ ^— 1 * a — 4 » 5 * 



confequcntly x = yX*u — 1 — 



V — 1| I w — 1 



V — I 



. 4 



-&C. 



5* By 
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5 * 

By putting i u equal to n =zv, we have, by Article 3, 



= + — + — H ^c. 

' 2 '2. 3*2. 3. 4 

and from the equation 




CoRoiLARY I. Ij^anthms being an artiScial Set of numbers 
correlponding to another Set of numbers in fuch a manner, 
that the fum of the logarithms of any two numbers is equal 
to the logaridim of the produdt of thofe two numbers • ; and 
the fum of the exponents of any two powers of any given quan<> 
tity being equal to the exponent of that power (of the fame given 
quantity) \^ich is produced by multiplying thofe two powers 
together j it is obvious that the exponents of the powers of any 
given quantity are logarithms of the values of thofe powers 
rcfpedivcly ; For inftancc, a, i, c, d, &c. are logarithms of ' .. 

n , n , n , « , &c. refpedively. • 

It follows therefore, from ^at is faid above, that 




logarithms of a;, i u. 



* From this property of logarithms, it plainly follows, that, b, t, t, and N 
be.n^ any numbers whatever, the Log. of ^ L ,he of X - 

of — , and / X Log. of N = Log. of 



and 
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and I -f w refpeaively, in the fame Set, g being of any deter- 
minate value whatever. 

From the equation, Log. of i « = — x « — - 4- - — 

i ^ ' 3 

we, by writing L inftead of a, have Log. of i -|- -i (= Log. of 



1 + a — Log. of a) = — X a * — 1- -L_! — (Vf. and 

i 2 ■ 3 

confequently 



• Log. of I -|- a = Log. of a — X a * — 

which lall feries converges when the feries in the former value 
of the Log. of 1 -|- a docs not converge. 

So from the equal. Log.ofv r= j x ^ 

(where v muft be a pofitive number Icfs than 2 ,) we, by fub- 

ftituting -L inftead of i;, find 

— — » r 

Log. of«y = -Lx!i=i4-i-.!:ilI +1. lEJl Gff. 

g V ' 2 V ' 3 V I 

where v may be any pofitive number greater than 



Now, as in thefe logarithmic expreflions the value of may 

be taken at pleafure, fo that in any one Set it be always the 
fame ; it is plain, that, to any Set of numbers, we may adapt 

as many Sets of logarithms as we plcafe, by taking i of diflfe- 

rent values in different Sets ; and the logarithm of any number, 
in any one Set of logarithms, being to the logarithm of the fame 
number, in any other Set of logarithms, as the value of the fadfor 

— in the former Set is to the value of — in the latter, that fadlor 

is called the Modulus of the Set. 



Scholium. Lor</NAPiER, the Inventor of Logarithms, firft 
gave a Set, whereof the modulus is Unity In which Set the 

logarithm 
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logarithm of lo is 2.302585 * : — Of this Set are the logarithms 
now called Napier's logarithms And he afterwards, with the 
affiftance of Mr. Briggs, (then Savilian Profcflbr of Geometry, 
at Oxford,) undertook to compute a fecond Set of logarithms, 
wherein the logarithm of 10 is 1 ; (which Set he found would 
be more convenient for trigonometrical calculations than his 
former;) but, Lord Napier dying before they had fini/hed 
their defign, the work was completed by Mr. Briggs, and 
the logarithms of this fecond Set (which are the common 
tabular logarithms) arc called Briggs's logarithms. The mo- 
dulus of this fecond Set is = 0.4342944 : for, by 

what is faid above, the logarithm -of 10, which in this Set is 
I, is = L X 2.302585; and, confequently, j- = 



Corollary II. From what is faid above, it plainly appears, 
that if, in any Set of logarithms whofe modulus is at be tlie 



s . 

logarithm of any number whatfoever, that number will be - 
equal to 



a-3 



a- 3-4 



Corollary III. By taking, in the laft Corollary, x equal 

to it appears that, in any Set of logarithms, the modulus is 
s 

always the logarithm of i “i“ i “f* — f- [- 



. — &c. 

.3 2.3.4 

(= 2.7182818) ; or, which is the fame thing, of the ratio of 
the fum of that Series to Unity : which ratio is therefore, by 
Mr. Cotes, called the modular ratio. 

And, — X being the logarithm of the reciprocal of any num- 
ber whofe logarithm is x } it appears by taking, in the fame Co- 
rollary, X equal to — y, that the modular ratio is that of Unity 

to the fum of the feries i i 4 - J E 1 ! 

2 2.3 ' 2.3.4 

(= 0.3678794). • 



• See Scholium to Article 6. + Thefe are alfo called HypnbJic 

Itgaritbmt, for a reafon that will appear in a fubfequent Chapter. 

F CoROL- 
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Corollary IV. It is evident then, that, in Nopier's Set, 
(whe;eof the modulus is i,) 2.7 1^281 8 is the number whofe 
logarithm is 1 ; and that 0.3678791. is the number whofe 
logarithm is — i : Alfo, that, n being = 2.7182818, 

is = I + X + - + — + fi?f. 

‘ ‘2 '2.3 '2.3.4 



6 . 



Napier's Log. of 1 + x being, by Art. 5, = x — — *r^~* 
— -j- it appears, by writing — x inllead of x, that Napier's 

Log. of I — X is = — ^ 7 — J — 7 

traftion, that Nap Leg. of 1 4" * — Nap. Log. of i — x (=: 

Nap. Log. of I ^ j is equal to 2 Xx-j“Y^“ 7 “^“y 

By this theorem the logarithms of fmall numbers may be 
cafily computed. 

Example *!. To find Napier's logarithm of 2. 
Suppofing = 2, X will from thence b e found — .j, and 

therefore Nap. Log. of 2 is = 2 x jL- + — 

= 0.69314718. 

Example II. To find Napier's logarithm of i-. 



From the equation ^ we find x = ; and, con- 

fequently. Nap. Log. of ^ = 2 x 4 " 4 " J77, 

= 0.22314355. 

Scholium. To find the logarithm of a great number, by the 
fame theorem, we mull find the logarithms of fuch fmall numbers 
as, being multiplied together, (hall produce that great number ; and 
then, the fum of the logarithms of any numbers being equal to 
the logarithm of the produdl of thofe numbers, we (hall, by adding 
thofe logarithms together, find the logarithm required. 

Example. 
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Example. To find Napier’s logarithm of lo. 

It is obvious, that lo is = 8 x- 5 - = 2X2xax-^; there- 

4 . . 4 ^ 

fore, by what is juft now faid, Napier's logarithm of 2 being 

computed, and likewife his logarithm of — , the fum of this laft 

4 

logarithm added to three times the former will be (= 2.30258509) 
the required logarithm of i o. 



Other theorems, more convenient for computing the loga- 
rithms of fome certain numbers, may be deduced from the 
above of which the following are examples. 

Example I. To find the logarithm of n, having the logarithms 
of s\ — I and n + i given. 

Suppofing , or its equal -r^ — = we from 

thence find x = 



— I 



. Therefore, by the theorem in the 
laft Article, Nap. Log. of -f — (— 2 y Nap. Log. of n — Nap, 
Log. of n — 1 — Nap. Log. of » i) is = 



2 X 



zn* 






and, confcqucntly, 






T + 



Gfc. 



5 . an* — 1 



Nap. Log. of « = Log.ot n-i + Nap.Log.^in + i _i_ 

~ O I — J 



J + 



-&C. 



+ 

— ij s.2»» — i| 

This theorem is very convenient for computing the loga- 
rithm of any large prime number. 

Example II. To find the logarithm of a large mmber n, 
having the logarithms o/" n — x and n -j- x given. 



F 2 



The 
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The Log. of i —■ X being = •— Mod. x x + i’* 

the Log. of is = Mod, x x + T + -3 fiiff.wh.ch (the Log. 



of being = 2 xMod.xx y is = -L x the 

of L+-1 X ^ ^ X Log. of X 



Log 



:c+ — + — i:fc. 
^ S 



I -1 ^ C^c. Hence, by fubftltuting ^ inftead of 

X, wc have Log. of (= Log. of « — Log. of « — x) = 

-L X Log. of X 1 + f + . Therefore, 

the Log. of being = Log. of « -f" * — Log* ” — x, the 

ft ^^X 

Log. of n is = -L X Log. of n + x ^ x Log. of n — x -|- 

Log. of n — Log, of n — * T~T~~^~T 7' ^ 

a 2»f ■> i2«> i 8 o«> 

This laft theorem is very ufeful in enlarging a table of 
logarithms. 



8 . 

It may fometimes be of uf e to ob ferve, that, when a; is a 
very large number, the Log. of i + .L will be = -^ nearly, the 

value of the fcries ^ ^ L — — — (^c, (See Art. c. 

2 3 ' 4 

Lor. I.) being then fo very finall that it may be ne^edlcd. 
Therefore, v being as juft now mentioned, if i .L| be = N, 
the Log. of N (= u x Log. of i + will be nearly equal to 

9. By 
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9; 

By Art. 2. [x _t. is = gn, g being (by that Article, and 
Coi. I. Art. 5.) = Nap. Log. of n. 

But in Napier' % Set, 2.71828 18 is the number whofe logarithm 
is I, as appears by Cor. 4. Art. 5. 

Therefore if « be = 2.7182818 (/. e. if the ratio of « to r 
be the modular ratio) g will here be = i ; and, in that cafe, 

[x-L n*] is = «* } or, v being r= n*, [x .i. -u] is = v. 

Confequently [jt-j-'u] x [“U-i-x] being = i, (by Chap. 2. Art. 9.) 

[v .1. x] is == .L, where x is Nap. Log. of v. 

Moreover, by Chap. 2. Art. 8. [<y _i. x] is equal to : 

[11 -1. v] 

this laft exprefSon muA therefore be = j and, confequently. 




u being any fundtion of v, or x. 
ty For brevity fake, we fhall, in future, put L •. Xy L '. a bxy 
L : X -(- v/ 1 -f- &c. to denote Nap. Log. of x. Nap. Log. 

of a bx. Nap. Log. of x -j- \/i -j- x*| , &c. refpcdlively. 
Example I. Suppoje v sxi i z : then we have 

L : rqri] = 

■* 1 + » 

Example II. Suppojing 1? = <* -|- we have 
r« L : a 4.^2-] == + 

a + hT a+tz" 

Example III. Let v be fuppofed = a z y/iaz-^-z"^. 
Then we have [« ; a 2 + v/aaz-f-xO = — 

• ^ 2 MZ + **’ 

[u^ 
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a + 2 + v/2tf2 + z‘] being = “ g x [« i. 2]. 

’■ V 2 / 7 Z + z* ■■ 



Example IV. [« _i. L : 2" -j" is = — 



✓ 



«‘ + 



f«^2"4- V' <j‘ 4 - z^" J being = 2" V^g*-4-2^"x ”^ 

Vd* + z” 



Example V. v being fuppofed =s we have 

0 2 



r« j_ L : " + ^ ] =s gg [k -=- g] ^ a + g ^ 
'• "a — zj TZr;] 

a — Va* + z* 



a ■— zl 

Example VI. Taking v = 



+ V«‘ + 



r, we find 



[«iL 



. a — Va* + z* 

* a + /a* + 



* + z* l 2a [a .^z] 

* J- z^J zV a* + z* 



10. ' 

By the laft Article we have [x L : r®] = Now 

L : r** being = *u x L : r, [x _£_ L : r*'] is = [x ^ «u X L : r] = 
[x -i-'u] X L : r, v being any fiindhon of the variable quantity 

X, and r invariable : Therefore is then = [x _i. *u] x L : r; 

and, confequently, [x _u r^] = r*' x [x ^ v] X L : r. 

But if both r and d be funftions of x, [x ^ <u x L ; r] 

(= [x ^ L : r^j — vvill be = [x _i. i?] x L : r -j- 

•0 X “T-lj : Confequently [x _i. t^~\ will then be = r*’ x [x _l v\ 
X L : r [x j. r]. 

By proceeding much in the fame manner, may the values 

of [x ^ R J and [x ^1\'’ J, G’c. be found in terms of r, v, 
w, X, [x -i. r], [x v], [x JL 10], e’c. Exam- 
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Example I. N and n being invariable, [x ^ N"*] is 
= aN"' X L : N. 

Example II. If and n be invariable ; [x ^ a -|- 



IW— I 



will be = n X « + x. 'L a bx bnx x a 4* bx\ 

Example III. If (A, N, and <?, b, c, &c. being invariable) 
AN* be = y-\-a’y-\-b.y-\-c {n). 
we, by refidual divifion, fhall have 



AN X [y -L. x’\y,h i H — y b . y c . y d {n 1) 



+ - y + c . y-]rd {n — i) + + + 

(« — 0 + («)• 

I I. 

By the binomial theorem, inveAigated in Article i, we have 

z'&c. 



I 4 “ *1 = I -I- t;* 4 " 






2-3 



from whence, by refidual divifion, ('u— “o being the divifor, and 
the value of z independent of v,) we get 

i-t-zl xL ; i + z = z 4 -‘^“'IL 4. 

^ V .V 1 J 

Hence, fuppofing v =s o, or any pofitive integer, we find 



L : I 4 * z = 



P _i 1 . T . 2 . 3 (p + 1) 



V + I 



I . 2 . 3 (V + 1 ) 






2 . 3 - 4 (v+i) 

P 



+ 



-’' + 3 



« + 4 



3. 4.5(1/+!} 4.5>6(v+») 



4 - Qfr. 



<u_ » V — i.r — 2^ ^ 

being put for a 4- v.v — 2\—{y). 
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Again, by the binomial theorem we have z == * 

+r+T.rfs'+ &c. 

Therefore 

is — — -dz*~~ ‘ — * Gff . . 

* </.J+7 * »-3 

Hence, expounding z by <?, <» + </. <» + 2</, Gff. fucceflively, 
we have 

^ ^ Id. a — 

" — rf.;r + I a 

»'r- 2 d\ 

jipTf ^ r:^ —-\d.7T^- ' - 

1 - 

a-3 

^.a + 2 A - 

•■‘"rur. a + 
a. 3 

&c. &C. &C. 

Confequently, we get, by addition 

_ d.x-^i * • j • 

f5* being wrote for a a-^ d\ o 4~ i(\ -i" ^"-p3^ C'^)* 
5*““* for + -V 



From 
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From whence it follows, that 

T d.» — l 2 _ 2 > 3 ^_ 

Gff. . G?f. 

Now thefe values of ^-*3 being fub- 

ftkuted fucceflively, for their refpedUve equals, in the value of 
£ , we find 

s'= / + + jqriJi' 4. rppi'(„) = 

jr. Jr-I .Af-a . Arf’l <^^^■'”3 „ „ - ^ ^ .. r — i -r,x-< 

^ I — ■* 2.3-4-S-6 ^ ^*--5 

[Gfr. 



A 

/// 

A 



ini 

A 



V 

A 



I 


___ I 


2.3 

3 


““ ' b ' 

M 


2-5 


-1. 
2 ‘ 


S 




*•7 

_I_. 


— 

2 

-1/ 


2.9 


2 


9 




2 . 11 


2 ^ 



^30’ 

.LLiA-i. 
a. 3.4 4*’ 

.il7i6j^-_ 8.7.6.s.4 : 
2*3.4 2.3.4. 5.6 



30 



- -"^" A « 09 *°- 7 - 0 a 10.9.8.7.6.5.4 

*• 3*4 2.3.4.S.6 2;3.4,5.6.7.8 






r= J- 

I- 



Gfc. - 

Scholium. When x is = — i, the numerator and denomi- 

- . " . + I 



— *» M»**AJV4aiui cuiu ucnoniw 

nator of the frafSion . 1 X 

' rf.;r+i| ^*+1 ) 

G 



»+i, 

* > 

both 



41 



Digitized by Google 




42 



THE RESIDUAL 

both vanifh.— In that cafe x L : ^ is the value of that 

a o 

fraction, as appears by what is already taught. 



X 

a =z a 



13. 

Writing 2ft inftead of n, we have, by the preceding article, 

+31'+ H^'+J+PI'M= 

1 V a + zndf , xAd\a-\-2ndf * , x .x-t.x-ikd'^ a-\-2nd\ ^ 

+ a. 3 '— 1-/-3 

Cs?f. and, writing 2 </ inftead of d, we have, by the fame article, 

a 4. -1^* + 4- 64* («) = * ■ 

"”n-/ +”r|_ -I+— TJT-U/-3 

eff. 

It appears, therefore, by fubtradlion, that 

s+31* + ^+pr + 

a + 2nJ^ * a’— i.y.y-T.jr.-2.A(/» rc-V- 2ftd\ ^ 

2-3-4 

^^i.x. x-~l.x^2.x-‘%,x^^.Ad> ya-{-2nd[ 

a-3* + -S-0 I— /“3 

ScHOL. When xis =— i, the value of 
is -= -L X L : by what is done above. 

id a * 

14. Taking 



x + l 
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r 

14. 

Taldng the laft equadon from that which immediately pre- 
cedes it, we have 

a — a-{-d\ -f- a~\-2^ — + a-\-^d'\{2n) = 

£ J a-\-2TU^ 1 *— I . xkd \ a* — i 



tf-f-aW] a‘ — i.x.*-i,x-2.x-2.n-^.Xd'^^^^2n^ ^ ^ j 

— »-3.4.5.6 i— 

« being any pofidve integer. 

IS- 

By refidual divifion, (x — • >: being the divifbr, and the values 
of a and d independent of x^) we get, from Art. 12 . 
a xL : a a dX x L : <* -f- 4" a-\- 2 d[ xL> i a -{• 2 d •\- 

«"+3^'x L : J+17 («) 

I \a-^n^^'^'x'L‘.a-\-nd _* 

^•■^ + *1 — <z^'^*xL:<* *1— /xL:<* 

. xkd ) a-{-nd( * X L : <* 4- »</ 

'..-+Tr[_/+- +4-.'-' ^ ll-S 






Ai> 1 


\a-\ 


2.3.41 


1- 


• 


G i 



r— 3 



e?f. 



» * ‘ * 

COROLLARV 



Digitized by Google 




44 - 



THE RESIDUAL Z* . 

Corollary I. Suppofin^ x = o, we find 

Lia-\-L:a-\-d-\' \j a 2d h x a {n) 



— jXL:a + W — lxL:<i, — «-{- 

A,/ ^ a + * , kdA a-\- nd\ ^ . AJ'ja ttd\ 

+ 3 -* 1_,-3 +S .^|_,-3 

CosoLLARY II. Taking, in the preceding Corollary, a, d, 
and « each equal to i, we have 

1 _ , A , 2’ — I . A , 2’— I. A 

— y.L . 2 i-|- 2*. 3.4 2’. 5.6 

16. 

As the principal theorem in the laft article was deduced from 
Art. 12. fo from Art. 13. we deduce the following theorem, viz. 

a-\-df 'Kl^'.a-\‘d 4“ c + ^d\ xhxa-]^ ^d(n) 

X L ; <* + 2 nd ^ xki 



1 \a-\-znd['^^ > 

! 



a 4- zW]*”* * X L ; a + 



* — I _ 

a xh: a 



&c. 



2</.jT+Ti *1 — a* '* x.X'iJ 

2 ’-»i. A<f» y ^ 4 - 2«4 ^ « 

*• 3-4 

Corollary 1. Hence, fuppofing x = o, we find 
L ; 7 +d' + L ; J+p + L : a + P + L ; a+p (n) 
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«xL:a+2 »</— ^xL:a 

kd ia 4 “ 2»</| 2*— I . A</’J a 4 “ 2«^ 

~l _-3 
2’— I . J 4 “ 



2^ 
■5 



Corollary II. Taking, in the preceding Corollary, <* = 2, 
</ = I , and writing n — i inflead of n, we have 

L:i4-L:34-L:54-L:7(«) = L:ix3X5X7(«) 



= L:2"-V4-^ 



_ , A , 2*— I . A , 

^ +tt:t + ~KT:r + 



2’ — I . A 

.3.4 • 2‘.5.6 

• ■ »» 

A 2’ — I . A 2’ — I . A 



2.1.2. n 2*.3.4.n’ 2’.s.6.«* 



&c.. 

&c. 



T , , I T A 2' 1 . A 

= «xL:«4-«4--xL:2, — - 

— X L : 2 being = i 4 ^~T + ^ 1 4 " 

2’.5.6.n’ 2 ° ' 2.1.2 ' 2^. 3.4 • 



2’— I . A 
2’. 5 .6 



by Cor. 2. of the laft Articla 



Other theorems may, in like manner, be derived from Art 14. 
which we may take notice of in an Appendix to thisTreatife; 
and perhaps add fome farther improvements on the fubjed of 
the laft five articles, which fome time ago engaged the attention 
of Mr. De Moivre, Mr. Stirling, and other eminent mathe> 
maticians. 
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I a<>CK3«G^ I 

THE 

RESIDUAL ANALYSIS. 



CHAP. IV. 

Of the Properties of Algebraic Expressions. 

H E articles in this chapter will be found of con- 
Aderable ufe, in geometrical and phyhcal enquiries ; 
and, to the end that we may proceed with as much 
perfpicuity as polfible, it is thought proper to infert 
them here, previous to fuch enquiries. 

I. 

Suppo fe ^ to be an algebraic expreffion compofed of x and other 
quantities ; and fupprfe, that, bow near foever x be taken to fame 
certain quantity g, E is pqfitive when x is lefs than g, and negative 
when X is greater than g ; or pofitive when x is greater than g, 
and negative when x is hfs than g : then jhall E, or its reciprocal^ 
be — o when x is = g. 

For it is well known, that o is the only limit between pofi- 
tive and negative j and it is therefore plain, that either the value 
of £ muH continually approach to that limit, or increale or 
decreafe without limit, upon taking x nearer and nearer to g. 
If the value of £ approaches to o when x is taken nearer and 

nearer 
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nearer to g, it is evident that E will be = o when x. is — g : 
If the value of E increafes or decreafes without limit when x is 

taken nearer and nearer to g, the value of will then con- 
tinually approach to o j therefore, ^ being pofitive or negative 
according as E is pofitive or negative, it is evident that, in fuch 
cafe, will be = o when x is = Confequently either E 
or its reciprocal mull be = o when x is = ^. 



2 . 



Cl^Mng an algebraic exprejfion fo compofed of \ and other quan~ 
titles, that neither it mr its reciprocal vanijhes when x is therein 
taken equal to gi the faid exprejfion, when x // greater or lefs than 
g, between certain limits, will (fuppqfing it not to become imaginary) 
be pofitive or negative, according as (q) the value of Q, when x is 
equal to g, is pofitive or negative. 



For, let A and B be pofitive quantities ; and fuppofe that either 




= o when x is = ^ -f- A, and likewife that CLpf 



i is =s o when x is = ? — B, but that neither O nor is = o 

^ 

when X is taken between the limits ^ ^ and g — B : then, it 

is obvious, that, whilft x is taken between thofe limits, Q^(if 
it does not become imaginary) will be always pofitive, or always 
negative j and, confequently, pofitive or negative according as q 
is pofitive or negative. 



The fame conclufion follows, if, infiead of Q^or ^ being 

z= o when x is = g -j- A, or when x is = g — B, thofe ex- 
preflions then become imaginary, but are real and finite when x 
is taken between the limits above-mentioned. 



3 * 

Let be an odd number, or a fraction whofe numerator and 
denominator are both odd numbers; and P any algebraic ex- 
preflion fo compofed of x and other quantities, that its value 
fliall be real when x is cither greater or lefs than g, (between 
i i . certain 
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certain limits,) and that neither it nor its reciprocal fliall vanifli 
when X is equal to g ; alfo let p be the value of P , when x 

\%=zg. 

Then,- feeing that x — is pofitive or negative, according 
as X is greater or lefs than g-, it is evident, (from what is faid in 
the laft Article) that, how near foever x be taken to g, if p be 

pofitive, X — gpx P will be negative when x is lefs than g, and 
pofitive when x is greater than g } or, if / be negative, the fame 

expreflion (x — gf* x P) will be negative when x is greater than 
g, and pofitive when x is lefs than g. 

Corollary. Suppofe E to be an algebraic expreflion com- 
pofed of X and other quantities : Then, if E be pofitive when 
X is greater than g, and negative when x is lefs than g, how near 
ibever x be taken to g } it is manifefl, from what we juft now 
obferved, that 

X— gp X Qjnay be aflumed = E ; 

m being as above fpecified, and Q^ome algebraic expreflion 
confifting of fuch quantities, that its value lhall be real when x 
is either greater or lefs than g, (between certain limits,) and that 
{q) its value when x is equal to g ftiall be finite and pofitive. 

Moreover, if E be pofitive when x is lefs than g, and ne- 
gative when X is greater than g, how near foever x be taken to 
g ; it is likewife manifeft, that, in this cafe alfo, 

x—gl’" X Q^may be aflumed = E j 

m and Q^being as before fpecified, except that y, inftead of 
being pofitive, muft be negative. 

Hence it is evident, that,, when x is = g, (whether q be 

pofitive or negative,) E or -L will be s= o, according as m is 

pofitive or negative; ‘which agrees with what is faid in Art i. 
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C H A P. V. 

Of the Tangents of curve Lines. 



I. 




HE curve AyPy, having its convexity downwards, as Fig. i. 
in Fig. I . being referred to the bafe AB j if the right 
line NrPr touch the faid curve in P j and, bry being • 
parallel to BP, if AB be called x j BP, y j Ab, x i 



hq, y ; and the fubtangent BN, s : then will bN be =j— x-}-x. 



br =? y — A X X — X, and the reiidual hq — hr (= qr) = 



^xx — X — y — y. Now, hrq being drawn on cither fide ^ 

of BP, by is manifefUy greater than br j therefore A x x — x 
~ ^ valu&of by — br) muft be always pofitivc, when, 

X being of any given value, x is either lefs or greater than x. 

But if the convexity of the curve be upwards, in Fig. 2. Fig. 2. 

■j X X •— X — ^ — y (the value of by — br) mull be always 

H negative. 
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negative, when, x being of any given value, x is either lefs or 
greater than x. ' 

Now,' fince the cxpreflion ^ x x — x — y—^ niuft be al- 

ways pofitive or always negative, when, x being of any given 
value, X is either Icfs or greater than x, the quotient of that ex- 

prcflion divided by x — x (viz. y — [x | y]) will, it is obvious, be 

pofitive when x is lefs than x, and negative when x is greater 

than X ; or pofitive when x is greater than x, and negative when x 

is lefs than x, how near Ibever x be taken to x. Therefore, by 

$ 

Chap. 4. Art. i. 

— [x -i. y] will be = o ♦ } 

and, confcquently, s = . 

Example I. *To draw a tangent to any Parabola, wbofe equa- 

m 

tion is ax~=y; m being fucb, that the convexity of the curve 
is downwards. 

We have (according to our lyieme) by — br (s= qr) = 

i mm 

— X X — X — ax' 4- <rx~i where s muft be of fuch a value, 

S 0 ' t 

that the value of the whole exprefllon fliall be pofitive, when, 
X being of any given value, x is either greater or lefs than x. 

■ mm 

Now if 211 X X — X — ax'' 4- ax~ be always pofitive when x 

M M 

is either greater or lefs than x, — x—x * *** 



* The other equation (viz. — ^ = 0) which, if polEblc, wou d 

7—E* — 

lullow from the fiunc article) is, in this cafe, manifclDj impolhble. 

Equal 
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by our dlvl- 



fion taught Chap. 2. Art. i.) it is plain will be pofitive when 
X is lefs than x, and negative when x is greater than x. There- 



fore, by Chap. 4. Art. i. the value of this laft expreflion will be 
1= o when x is therein taken equal to x : Which value is 

manifcftly = fll — — . ax~ * 

' j r 



Confequently from the equation ~ — j.ax' * = o, the 
fubtangent j is found = ~x. 

tn 

In this example we have given the procefs at full length, 
that the Reader may the more clearly underftand our doftrine. — 
In future, our examples will, fOr the moft part, be more concife. 



5 ^ 



Example II. To draw a tangent to the Circle Aq?q, ’wbofe Fig. 31 
equation is lax — = y‘ ^ the radius AC being = a. AB = x, 

BP=y. 



From the equation of the curve, we have, by refidual divifion, 
— X y y.\x y] i from whence we get 

Therefore ~ — , the value of s or NB, is = — ^ 

X a — 

If BC be called x, and BP as before, the equation of the 
curve will be a* — x’ = y* j • and the fubtangent NB will be 



Example II I. To dra w a tangent to the EUipfis APD, ivhofe Fig. 4. 
equation is b' x 2<rx — x* = ay' j the ferm-tranfverfe axis AC 
being = a, the femi-conjugate CD = b, AB = x, BP =y. 



H 2 



From 
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From the equation of the curve, we get, by reiidual divifion, 
ab'^ — b'^x = a^y [a? ^ y] : hence [jc _i_y] is found = ^ x tIZJL. 



Tlicrcfore 



y 



lax — X* 



the value of the fubtangent NB, is = 



X a — X « — ■» 

If BC be called x, and BP as before } the equation of the 
curve will be b' x. a — x’’ = ay ' ; and NB will be = t ST* . 

If, Vd being parallel to AC, Cd be called x •, and dP, y : the 
equation of the curve will be a^ n b"^ — x‘ = b'y* ; and the 
fubtangent dn = — - — . 



Fig. 5. Example IV. Let it be propofed to draw a tangent to the 

Hyperbola AP, wbofe equation is b' x zax x‘ = a'y ' ; the fern- 
tranverfe axis AC being = a, the femi-conjugate CD = b^ 
AB = X, BP = y. 



From the equation of the curve we have ab*-\-b*x = d'y [x_:.y] : 

hence we find [x j. y] = ^ x Therefore — the 

0 y . [*-^/] 

value of the fubtangent NB, is = — -- — = f . 

^ b^xa + x a^x 

If BC be called x, and BP as before the equation of the 
curve will be x x‘ — a* = a'y' j and NB will be = l - Til L. 

If, Vd being parallel to AC, Qd be called x ; and </P, y ; 
the equation of the curve will be a* x 
the fubtangent dn = — . 



Fig. 6. Suppofe CE, Ce to be the afymptotes of the two branches 
AP, AQ, of the Hyperbola PA^: then, BP being parallel to 
Cr, if CB, BP be called x and y refpe^vely ; the equation of 

the curve will be xy=p', p being put for — . Therefore, 

y + 
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y4-x[*-i.y]bcing=o, = , and — NB) 

= — X which being negative, indicates, that N is on the 
contrary fide of BP, from C. 



Example V. To draw a tangent to the ClJJoid AP, wboje Fig. 7. 
equation is ay^ •—xy' =ix\ 

F rom the faid equation we have 2oy [x ^y'\ — y ’ — zxy [x ^ y] 

= -ix* j and from hence we get [x ^ yl = ; Which 

7.ay — %xj 

laft cxprcflion being fubftitutcd for [x^y] in the equation 
' — ^ we find s — ^ 









Example VI. To draw a tangent to the exponential curve^ 
wbofe equation is a zsxy. 

By rcfidual divifion (fee Chap. 3 . Art. 9 .) we get x h: a 
— [x _!.y] : Therefore s (= — ) is = an invariable 

quantity. 

Example 'VII. To draw a tangent to the exponential curve ^ 
wbofe equation is x —y. 

From the faid equation we find, by refidual divifion, x*^x L : x 
4- X* = [x j_yl : Confequcntly s (= — ^ — ) is = ^ . 

' i + L:^ 

After the fame manner may we draw tangents to any other 
geometrical, or exponential curve, referred to an axis : but to 
perform the like hy our Analyfis, when the curve is a tranfeen- 
dental one, or a Ipiral, it will be neceflary to underftand what 
will be explained in the fubfequent part of this chapter. 



2 . 

A line has its concavity turned one way, when the right lines 
that join any two of its points cither fall upon the line itfelf, or 
on one fide of it, ' none falling on the oppofite fide. — Here we 
comprehend, not only curves, but likewife fuch lines as have 
re<fUlineal parts. 2 * When 
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5+ 

3 ’ 

When two lines, having their concavity turned one and the 
fame way, have the fame terms, and one wholly Includes the 
other, the perimeter of that which includes is greater than the 
perimeter of that which is included *. 

4* 

Fig. 8. When a curve hyP is convex towards the bafe, and the angle 
BPN, made by the ordinate BP and tangent PN, is acute ; the 
ordinate by being drawn, interfering NP in r, Pr will be greater 
or lefs than the curve Py, according as Ab is lefs or greater than 
AB. For, drawing a tangent to the point y, (between h and 
P,) interfering Pr in t;} P“uy, by the preceding Article, will be 
greater than the curve Py. But ru, which fubtends an obtufe 
angle in the triangle yru, is greater than qv, which fubtends 
an acute angle in the fame triangle : therefore Prr (i. e. Pr) 
will be greater than Vvq ; and confequently Pr ftill greater than 
the curve Py. Moreover, y being on the other fide of P ; Pr, 
which fubtends an acute angle in the triangle Pyr, is lefs than 
the chord Py, which fubtends an obtufe angle in the fame tri- 
angle : therefore, the chord being lefe than the. arc it fubtends, 
Pr will be ftill lefs than the curve Py. 

Fig. 9 . When the curve hyP is concave towards the bafe, and the 
angle BPN is acute ; the ordinate by being drawn, interfering 
(as before) the tangent NP in r, it is evident, from what is faid 
above, that Pr will be lefs or greater than the curve Py, accord- 
ing as Ab is lefs or greater than AB. 

5- 

Fig. 8 . Let AB be called x; BP, y •, Ab, x; by, (parallel to BP,)y; 

9- 

the fubtangent BN, s the tangent PN, t ; and the parts hP, hy 
of the curve, z and z refpedlively ; then will Pr be = L x x — x 

or —y.x — X, and the arc Py = 2 — z or z — 2 , according as x 

^ / ft / 



• The laft two articles are from Archimedes dt fphara et cylindro. 

is 
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is lefs or greater than x. Therefore, by the laft Article, if the 

convexity of the curve be downwards, as in Fig. 8. — x x — x 

^ / 

will be greater than z — z, when x is lefs than x ; and ~ x x — .v 

will be lefs than z — z, when x is greater than x. Hence it 
/ / 

evidently follows, that, the curve being convex towards the bafe, 
y X X — X will be always greater than z — z, when x is taken 

either greater or lefs than x ; confequently the expreflion 
i- X X — X — z — z will be always pofitive when x is fo taken. 



Moreover, if the convexity of the curve be upwards, as in 
Fig. 9. y X X — X bring lefs than z — z when x is lefs than x, 

and — XX — x greater than z — z when x is greater than x. 



y X X— X will be always lefs than z — z when x is taken 

either greater or lefs than x ; confequendy, in this cafe, the 
expreflion — x x— x — z— -z will be always negative when x 

* t ' • 

is fo taken. 

§ 

Now, fince the expreflion ^ ^ niuft be always 

pofitive or always negative, when, x being of any given value, x is 

/ 

either lefs or greater than x ; the quotient of that expreflion 
divided by x — * (viz. ^ evident, be pofi- 

tive when X is lefs than x, and negadve when x is greater than x ; 
. or pofitive when x is greater than x, and negative when x is left 
than X, how near fbever x be taken to x. Therefore, by 
Chap. 4. Art. i. / 
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— — {x ^z] will be = o • : 

t '■ 

and, confcquently, _i. 2] = L = y/ 1 [x _j_y] * ; 

s being = — and / = l,y is faid in 

^ l^^y] 

Article i. 

The fame conclulion, it is obvious, will likewife hold true, 
when the ordinates dccreafe from h towards P. 

Corollary I. Hence it is manifeft, that the fubtangent, 
tangent, and ordinate, arc to each other as i, «]» and 

[x^y] refpedively. 

Corollary II. Suppofe hP to be an arc of a circle : then, 
if X be the verfed fine, y the fine, and a the radius thereof ; it 
is well known, the fubtangent will be to the tangent, as y to a-, 
and therefore, by the preceding corollary, y : a : : i : [x^z]. 

Confcquently [x^*] is then = 1 ^==. 

Moreover, [x u. z] being = Chap. 2. Art. 8 .), 

LL± 1^1 is and [yj_2] = But, y being = 

^20x — we, by refidual divifion, have i = -^===x [y-t-x ] » 
and, from hence, [y^x\=. ~ There- 

fore [y^z]is = j7=^^. 

Let u be the cofine of zj then will o — ^ be = « ; and, 
confcquently, [a j-y] = Now [y being = ^ 



• The other equation (v«. — 



1 = 0) which, if poflible, would 

■7 — 

follow from the fame article, it, in this cafe, impoffible. 

this 
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this laft quantity will be = — - ; and, tliercforc, [?/ ^ s] 

will be = = _ i = 

Corollary III. t' being we, by refidual divi- 

fion, have t\x z= s\x ^ s\ y\x ^y\\ I Iciice y x [a,* j_ /] 

= [x^y]. 

Now AN being called r, s will be = x — r; and confe- Fig. 8. 
quently [x _£_ j] = i — [x r] ; moreover, by what is faid 

above, — is = [x *], and ^ = [x^y]. Therefore [x_i_s] x 

[x ^ is = I — [x jL r] -|- [x -i-y]‘ = [x _i_ z]' — [x r] 

(i -f- [•’f —.y]* being = [x ^ z]’) ; from whence it appears, 

that [x _i_ r] is = [x _L 2] — EIjilI], 

[*• — 2 ] 

6 . 

By means of the conclullons deduced in the preceding article, 
we are now enabled to apply the theorem we inveftigated in 
Art. I. to tranfccndental curves referred to an axis. 



Example I. To draw a tangent to the Cycloid AP j wbofe Y\g. \o. 
nature is Jucb, that, the femicircle hpT> being deferibed, and the 
ordinate B^P being drawn perpendicular to the diameter AD, BP is 
= B^ -f- (Arc) A/. 



Let AD be called 2 <* j AB, x; BP, y ; B^, a; and the arc 
hp, iti. Then, y being = u-\-w, [x j^y] will be = [x_:_a] 

[x -L. w] = [x _L a] + ~ • by the nature of the circle, 

is = 2tfx — x‘; from whence [x ^ a] is found = 

Therefore, by fubftitution, it appears that [x-s-y] is = 

Confequently — - — , the value of the fubtangent NB, is = 
. [* -^yl 

uy xy 

^ • 



u 

2a — X 



It 



V. 
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It is obfcrvable, that ^ (= NB) is to y {— BP), as Jf (= AB) 

to a (= B/) ; Therefore the tangent NP is parallel to the 
chord Ap. 



Fig. II. Example II. To draw a tangent to the ^eadratrix APD. 

DE being one fourth of the periphery of a circle delcribcd 
about the center C, draw the radius CPG, which fuppofe equal 
to a; call AC, b-, AB, x ; BP, y ; EF, v ; FG, (parallel to 
BP,) a; and the arc EG, w. Then, by tlie nature of the qua- 

dratrix, y will be = ^ ; from whence we have [x =3 

— X [x w] = - X [*u ^ w] X [jf-i-'y] = ~ [ ^ be- 

ing = [u _j_ w] by Chap. 2. Art. 8. and \y -l^w\ =. ^ by the 

laft article. Moreover, by the nature of the circle, « is = 2av 

— -u' : from whence, by refidual divilion, we get u[x j.u\ 

— a — <u X [*^ — **^] » hence ^ — IT”' follows 

therefore, that is = ^ confe- 



qucntly that [x *u] is = ■ ^ and [x _f-«] — > —j— x [x^y]. 

Again, by limilar triangles, ^ — x : y :: a—v : « ; therefore 
ay vy is z=zbu — ux. Hence, by refidual divifion, we have 

a — <u [x ^y] — y [x ^ r] = X [x a] — J 

and confequently, by fubftitution, a — v — X [x y] = 



X X [x ^ y] — a. From whence it appears, that 
b 

^ X [x _i.y] is = iJLlZli: X [x _Ly] — « ; therefore [x ^y] is 



— jr X <2 — * V 

tangent BN, is = 



Confequently ■ , the value of the fub 

p xy y. a — w 

b — Tu - b 



7. AyPy 
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AyPy being a curve of the fpiral kind, whofe ordinates Cq, Fig. 12. 
CP, C^, all iflue from the point C j let the circular arc defe be 
deferibed, whole radius is i ; and draw any right line Cd, inter- 
fering the faid arc in d. Then, fuppofing the right line NrPr 
to touch the curve in P ; and fuppofing Cgr to interfer the faid 
tangent in r, and the circular arc in e : if CP be called y j Cq, 

^ ; the fine of the angle dCf, (to the radius i ,) a } the fine of dCe, 

u j and the line and cofine of CPN, s and c rcfpedlivcly : the 

i 

fine of eQf will be denoted by av^ i — ■ a* — a\/ 1 — a* or 

uV I — a* — av^ 1 — 17, according as is lefs or greater 
/ • ___ 

than df \ and the fine of CrN, (or CrP,) by ca^/i — a* — 

cuy/ \ — ~~u — iuu -j- is / 1 — a* X 1 — a’'", which laft fine, 

/ / ' 

for brevity fake, we will call k : Moreover Cr will he and 

tj — ky 

the refidual Cr — Cq (= qr)-=.!l — y z=. — jL. Now, Cqr 
being drawn on either fide of CP, Cr is manifeftly greater than 

sj — kj 

Cq : therefore — ~ (the value of Cr — C^) mull be always 
pofitive, when, a being of any given value, a is either le& or 
greater than a. 

If the convexity of the curve be towards C, as in Fig. 13. 

sy—ky . 

— - — (the value of Cr — Cy) will be always negative, when, a 
being of any given value, a is either lefs or greater than a. 

Since the exprefilon — — -1 mull be alwa)« pofitive or always ne- 
gative, when, a being of any given value, a is either lefs or 



greater tfian a j the quotient of that expreffion divided by a — a 
*y — ' 

^ obvious, be pofitive when a is lefs than 

t .M — M' _* / 

• I 2 - 
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Uy and negative when u is greater than u ; ui , ‘ is 

greater than «, and negative when u is Icfs than «, h •'% .^.ar fo- 

ever u be taken to u. Therefore, by Chap. 4. Art. i. the 
/ 

value of that quotient, when u is equal to «, (i. e. when y is =y,) 

* t 

or the reciprocal of that value, will be =: o. But, by the 
method taught in Chap. 2. Corollary to Art. 6. the value of 

jjf — Icy 

— =, when u is = u, is found equal to s [u ^y] - -t- s. 

i . u — u t %/ 1 — «* 



Thcreforer [u ^y] is == o*: Hence E ==—E_x — . 

'• c [ujuy] 

If the arc ^be called iv, — ^ will be = by Art. 5. 

It therefore appears, by fubftitution, that 

y[u—.w] jj _ i. _ Xang. of the angle CPN. 

[“ — >] ' . 

Suppofe CN, perpendicular to the ray CP, to interfe«fl the 
tangent PN in N : then, radius being to CP, as the tangent 

of CPN to CN, CN will be = . 

Seeing c is = v/ 1 — it is evident that -7== is =z= ^ j 

from whence we have s = y[u^^ 



8 . 

Fig. 12. When the curve AyP is concave towards C, and the angle 
CPN, made by the ray CP and tangent PN, is acute ; the ray 
Cqr being drawn, interfering the faid tangent in r, Pr will be 



• The other equation (viz. 



Jf] — -T== 



, = o) which, if poffihle. 



s/i — I 



would follow from what it faid above, is oianifeftly impoffiblc. 



lefs 
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lefs or greater than the curve Vq, according as de is Icfs or 
greater tlian df : And when the curve Aq? is convex towards C, 
and the angle CPN is acute, as in Fig. 13. Pr will be greater 
or lefs than tlie curve Vq, according as de is lefs or greater than 
df. This may be eafily proved, by reafoning as in Art. 4. 

Now, retaining the notation in the laft Art. Pr will be equal to 

? X I — — a\/ 1 — or — us/ 1 — u — i — 

according as de is lefs or greater than df. Therefore, calling the 
parts AP, Aq, of the curve AyPy, z and z refpeilively ; it follows 

that the cxprefllon z — z — Z x u\/ 1 — u — us/ 1 — u muft 

‘ k ' ; 

be always pofitive or always negative, when, u being of any value 
whatever, u is either greater or lefs than u. It is obvious then, 

that the quotient of the faid expreffion, divided by a — a 

z — z 1 — — «v^j — ' ' 

(viz. — 7 ) will be pofitive when a 

* 0 ^ 

is lefs than a, and .negative when a is greater than a j or pofitive 
when a is greater than a, and negative when a is lefs than a, 
how near foever a be taken to a. Therefore, by Chap. 4. 
Art. I. the value of that quotient, when a is equal to a, (i.e. when 
y is and z = z,) or the reciprocal of that value, will be 
= o. But, by the method taught in Chap. 2. Cor. to Art. 6. 

us/ I — u' — us/ 1 —. u'' 

the value of ^ , when a is = a, is found equal 

a — a ’ , ^ 

t 

to — “ — r + I — a‘ = ^ J and i is then equal to s. 

Therefore [a^zl ;=== is = 0*: Hence [u^z] 

■■ ss/i—u'- '■ ■' ss/T^'^ 

• The other equation (viz. 1 

[«^z] _! ; 

/V I - «* 

would follow from what i» faid above, is impofEWc. 



= 0 ) which, if poffiblc. 
Seeing 
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Seeing that ^ — L— is = [« ^ w], by Art. 5. it appears, by 
fubAitution, that \uj^z] isi= ^ . ^*' . 'r“'J — » 
j being = ■■ — ■■ by the preceding Article. 

From what is faid it is evident, that J is = ~ : and 

confcquently c (= \/i — r‘) is = ~ 

Moreover, fuppofing CQ^o be perpendicular to the tangent 
PQ } radius will be to as y - (= s) to CQ j therefore 

CQwill be = ^ : and radius will be to v, as (= r ) 

[k -!-Zj [u^ z] 

to PQ^; therefore PQjivill be = 

Corollary. Hence it appears, that the perpendicular CQ, 
the tangent PQ, and the ray CP, arc to each other as y [« .i. w], 
[«- i . y ], and [ujlz] relpe<flively. 



9 - 



By means of the theorems inveftigated above, we are now 
enabled to draw tangents to any (piral whofe equation is given. 



Fig. 14. Example I. To draw a tangent to the Jhiral of Archimedes ; 
wbofe nature is fucb, tbat^ any circk AF being deferibed about the 
center C, and any ray C/FP being drawn^ tbe arc AF is /o FP 
in a conjlant ratio. 



Let CA be = fflf, C</ = i, the zie df z=zw, CP =y j and let 
the given ratio of AF to FP be as >w to « .* Then mw will be 
= AF, andnt£>=y — m. From whence we have «[« j. to] = 



[«_s_y] ; and confcquently, by fubftitution, CN (= 
Art. 7.) is found 

* * n 



by 



Example 
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Example II. To draw a tangent to the fpiral CdP; whfe Fig. 15. 
nature is Jiicb, that the arc CdP is to the ray CP in an inva- 
riable ratio. 

Let CdP be = z, CP = y; and let the invariable ratio of z 
to y be that of to ^ ; Then bz will be = ay. From whence 

we get y [« -£- v] “ [« z], which, by the laft Article, is 

Hence it appears, that \u y~\ is 
= - * X y [« -i- *K>] } and therefore the tangent of 

the angle CPN, is = yy. 

It is obfervable, that the angle made by the tangent PN with 
the ray CP is invariable } which is a known property of the kga- 
rithmic fpiral. 



Suppofe the moveable curve aB to revolve along the immoveable Fig. i6. 
curve AB, Jo that the arcs aB, AB be always equal j and fuppofe, 
that, during the motion, the point P, having a certain pofiion with 
refpeEi to the curve aB, deferibes the curve OPQ, t^ curves and 
the deferibing ^int keeping always in the fame plane : then, if 
from B, the point where the two curves, aB, AB, touch each other 
when the deferibing point is in P, BP be drawn ; PR, perpendicular 
thereto, fiall touch the curve OPQ^'n P. 

For, about the center B, with the radius BP, deferibe the Fig. 17. 
circular arc EPF : and, having drawn BFQ, fuppofe that, when 
the deferibing point is in Q, the moveable curve is pohted in 
flbD ; b being that point thereof which was at B when the 
deferibing point was at P, and D being now the point of contail 
of the two curves ahD, ABD : join bB, bQ^; and let ef touch 
the curve ahD in b, and meet the curve ABD in f. — Then, 
becaufe the arcs BD, bD are equal ; and -{■ tlx arc 'Df is 
greater tlian the arc bD, hf fhall be greater than the arc Bf, 
and confequently Bill greater than the chord Bf : Wherefore 
the angle b^' (made by bB and the chord Bf) will be greater 
than B^ and Bb^ greater than bB^, made by bB and the 

conti- 
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• coiitinu;n!on of the choul / B. It is evident therefore, that the 
an'.’lc B1)Q, avIulIi is libe -j- ei Q, will be greater than QBh, 
is =;= conbquently LiQ^v.i 1 be greater 

than Ihit l/(!^is manifeftiy equal to BP, being the fmic line 
transieiis-d with the moveable curve. Therefore BQ^is greater 
ti:;n LB, i. c. than Bi'. Hence it appears, that the point Q^is 
wiihout the circular arc EPF, 

1 ig. 1 8 . Siipprife now, that, when the deferibing point is on the othet 

fide ot P in O, the moveable curve is polited in adb ; b being 
that p(jint thereof which coincides with H when the deferibing 
point is in P, and d being now the point of contadl of the two 
curves ^7./b, A</B : and join BO, Bb, bO, hd — Then, tlic arc 
Bd, which is equal to the arc hd, will be greater than the chord 
b</. But, Be being drawn, touching the curve A^/B in B, and 
intcrfeiiting the chord hd in e. Be ed will be greater than 
the arc Bid-, and therefore Be will be greater than be: Where- 
fore the angle Bbe will be greater than bBe, It is plain then, 
that the angle BbO, which is = Bbf ebO, will be greater than ‘ 
bBO, which is = bBt’ — cBO ; and confequently BO will be 
greater than bO. But bO is evidently equal to BP, being the 
lame line in a different pofition. Therefore BO is greater than 
BP, i. e. than BE. Hence it appears, that the point O is without 
the circular arc EPF : Therefore, the fame being proved of the 
point Q, it follows, that the faid circular arc touches the curve 
OPQjn P. Confequently PR, which is a tangent to that circular 
arc, will alfo touch the curve OPQ in P. 

Whatever pofition the deferibing point P may have with refpetfl 
to the moveable curve, and whether that curve revolves along the 
convexity or concavity of the immoveable one, the tangents to 
the curve deferibed by P will always be determined by the rule 
here given j and in no cafe will the demonfiration differ greatly 
from the above. — The deferibing point may indeed be fo pofited 
with refped to the moveable curve, that the circular arc EPF 
fliall fometimes fall without the curve OPQ, which occafions 
fome little difference in the demonftration ; but there will not 
then be any particular difficulty in it : Any farther explanation is 
therefore unncceffary. 

This article (which was fuggejled by one in Huygen’s Horolog. 
Ofcillator.) will be found of great ufe in -many enquiries concerning 
cycloidal curv’es. Scho- 
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Scholium. If the point P, inftcad of keeping a certain po- Fig. 19. 
fition with rcfpcit to the curve <*6, be fuppofed to move in fuch 
a manner along the bafe MN of that curve, whilft the curve 
itfelf revolves as before-mentioned, that any ordinate being drawn 
from the point of contadl B perpendicular to the faid bale, P 
lhall always be at tlie end of the correfpondent abfciira : then, 
by what is proved above, will that abfcilTa (or the bafe) be a 
tangent to the curve OPQ^deferibed by the point P during fuch 
motion. 

11. 

With refpe<fl to curves referred to an axis, it is obvious, that Fig. i. 
when the convexity of the curve is downwards, as in Fig. i. the 
value of the quotient of the ordinate divided by the fubtangent 
increafes as the abfeifla (x) is taken greater and greater : and when 
the convexity is upwards, as in Fig. 2. the value of the faid 
quotient decreafcs as x is taken greater and greater. Now, by 
what is faid above, that quotient (refuming the notation in Art. 1 .) 
is equal to [x j-y\. Therefore, in the former cafe, — 

[x will be pohtive when x is Icfs than x, and negative when 

X is greater than x .* and, in the latter cafe, [x _a.y] — 

will be politive when x is greater than x, and negative when x 

is lefs than x. It is evident then, that, x being either lefs or 

— [x-!-y] 

greater than x, — — '■ — will be always politive or always 

negative, according as the convexity is downwards or upwards. 

Hence it is plain, that the value of [xjt.y] (fuppofing both it 
and its reciprocal to be hnite) will be politive or negative, accord* 
ing as the convexity of the curve is downwards or upwards. 

12 . 

With regard to curves referred to a fixed point C, it is evident. Fig. n. 
that, when the concavity of the curve is towards C, as in Fig. 12. « J- 

the perpendicular from C on the tangent increafes as the ray or 
ordinate (y) is taken greater and greater : and when the con- 
vexity is towards C, as in Fig. 13. the faid perpendicular decreafes 

K as 
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as y is taken greater and greater. But, by what is faid above, 
that perpendicular (refuming dte notation in Art. 7. and 8.) is 

equal to ^ Confequently, in the former cafe, ^ 

[«-:.*] [u -2- z] 

— w] 

•*-. ~ — i — I- will be pofitive when u is lefs than a, and negative 
when a is greater dian a : and, in jhc latter cafe, — 

» [u z] 

J* [« ^ iv] 

— — '■ — will be pofitive when a is greater than a, and 
[» -i. z] ' 

t t t 

negative when a is lefs than a. Therefore it is manifefl, that, 0 



being either lefs or greater than a. 



Ji* [« ^ w] [« -t- «/] 



[u-t. zj 






a — a will be always pofitive or always negative, according as the 

concavity or convexity is towards C. From whence it appears, 

diat the value of [a 7^ C« j] j (fuppofing both it and its red- 

procal to be finite) will be pofitive or negative, according as the 
curve is concave or convex towards C. 
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RESIDUAL ANALYSIS. 



C H A P. VI. 

Of the Invejiigation of ufeful Theorems, by finding 
the nature of a Curve from a given property of its 
Tangents. 



I. 

Being parallel to AE ; it is propofed to find a curve Fig. 20. 
line, Jucb, that, ab being a tangent th^eto, at any 

point thereof, Bb] — Aa| (=Bb-|-AaxBb — Aa) 

Jhall always be equal to the invariable fquare r* : 

•which tangent is fuppofed to interfebi AE and BF 
in the points a and b refpeblhely. 

Suppofing p to be the point where ab touches the required 
curve, let mp be drawn parallel to AE ; and call AB, a Am, 

Xi mp,y. 

Then will Aa be =y — x [x 

Bb =y-\-a — xx[x^_y], 

and Bb] — Aaj ^ a'' 2ax x [x u-y]' = d. 

K 2 Hence, 
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Hence, by refidual dlvifion, we get 

a — zax X [x _£. y]‘ X [x -f- ay\x us.y] r=z o i 

from whence we have fx _i. yl = — - — . 

Which laft quantity being fubftitutcd for its equal in the value 
of c’‘t we find 

I f* — — 

y = — X 2x — a . 

^ a 

The curve therefore is a Parabola; AB coincides with t 
diameter thereof, the parameter of which is ^ ; and, V be- 
ing the point where that diameter meets the curve, AV is = BV. 

Corollary. AB being a diameter of any (X>nical Parabola, 
/ 

and aAa parallel to the correfponding ordinates ; if Aa on one 

fide of A be equal to Aa taken on the contrary fide of A, the 

tangents ap, ap will always interfcdl each other in the right 
line Bb, being that ordinate continued whofe abfcilla VB is 
= VA. 



2 . 

Fig. ai. BF being parallel to AE, it is propofed to find a curve line, fucb, 

that, ab being a tangent thereto, at any point thereof, Bbj Aa| 
Jball always be equal to the invariable fqtsare c*. 

. . Let the lines AB, Am, be as in the preceding article : 
Then Aa being =y • — x[x_i.y], and Bb==y-|-<* — x x [x^y]; 
-j- A^ is = 2 X y — - X [x ^ yJI -f-«‘ — 2 axx[x_i.y]*-|- 
2<5»[x _i_y] = f*. 

Hence, by refidual divifion, and dividing by 2 [x ^y]> we get 
2 X* [x -i-y] — zxy a' — xax x[x_s_y] -j-< 5 r = Oi 
from whence we have fx .:,y] s= — — 



Which 
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Which laft quantity being fubftituted for its equal in the value 
of f’, it appears that the equation of the curve is 

y = ^ X ‘ 2 ax -j- ; 



Anfwering to an Hyperbola ; whereof CV equal to and pa- 

V 2 

rallcl to AE and BF, is a fcmi-diameter j whofe femi-conjugate 



is AC = BC = j ; C being the center. 

As by inveftigating the firft propofition, we difcovered a re- 
markable property of the Parabola ; fo here we difcover a property 
of the Hyp>erbola, equally remarkable : And it is obvious, that 
a Corollary may be drawn from what is done in this article, iimilar 
to that in the preceding. 



3v 

BF 6eing Jiill parallel to AE j it is propofed to Jind a cttrve line. Fig. ai. 
fuch, that, ab oeing a tangent thereto, at any point thereof, the *3- 
reSlangle Aa x Bb Jhall alw^s be equal to the invariable fquare c*. 



The lines AB, Am, mp being as in the preceding articles j 
Aa will be = y — x [x-s-y], and Bb = a [x..^.y] +y — x[x ^y]. 
Therefore Aa x Bb will be = a [x^y] x y — x [* _i.y] + 
y — x[x^y]j ==c\ 

Hence, by means of our refidual divifion, we get 
a + 2x X y — X [x j^y\ — ax [x _£.y] = o j 
from whence we have fx-j-yl — . 

^ + ax* 



Confcquently, by fublKtution, we find 
Aa = — = — , Bb = — , and — 

2a^.2Jr’ 2x 



o y 






4 • tfx 4. ;r 



Therefore, in the firft cafe, the equation beingy’=.^x«x— x*, 

the curve is a Circle or an Ellipfis ; and in the fccond cafe, the 

equation being y‘ = ^ xflx +x‘, the curve is an Hyperbola. 

AE, BF touch the conic fecftion, or oppofite hyperbolas, in A 

and 
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and B : AB being a diameter of the feftion ; whofc conjugate 
is equal to zc, and parallel to thofe tangents. 

Coroll ARV I. It appears that c, the fcmi-conjugate to the 
diameter AB, is a mean proportional between Aa and Bb. 

Corollary II. x being to as to — , the value of Eb ; 

O 2 Zx 

it follows, that if AE, BF be parallel tangents to any ellipfis, or 
oppofite hyperbolas, and mp any ordinate to the diameter AB, 
a line drawn from the point of contad A, fo as to bifed mp, will 
always meet the tangent from p in tlie line BF. 

/ t 

Corollary III. Let ab be another tangent to the curvoi 

'• Then, Aa being to Bb as Aa to Bb, the right lines ba, ba will 
meet in the diameter AB, or in the continuation thereof. 

Scholium. If it be required to defcribe, to a given center, 
a conic fedion, or oppofite hyperbolas, that lhall touch three 
right lines given by polition : Draw a line parallel to one of the 
given tangents, fo that the given center fhall be between them 
and equidiftant from each, which line it is plain mull be another 
tangent to the required curve ; and then the diameter correljxjnd- 
ing to the two points of contad of the parallel tangents may be 
readily found by this Corollary, and its conjugate will be known 
by Cor. I. The defeription of the curve then ealily follows. 

Corollary IV. By confidering BF to be removed to an 
infinite diftance from AE, we may infer from the lall Corollary, 

that, if AE, ab, ab be tangents to any conical parabola, right 

^ * * • * 

lines drawn through a and a parallel to ab, ab refpedively, will 
meet in the continuation of that diameter AB which palTcs through 
the point where AE touches the curve. 

Scholium. This Corollary, it is obvious, enables us to de- 
feribe, with great facility, a parabola that lhall touch three right 
lines given by polition, and have its axis parallel to another right 
line given by polition j and likewife to defcribe a parabola, that 
ilull touch four right lines given by pofition. 

4. AB, 
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AB, BC making any angle at B j it is propofed te find a curve Fig. 24- 
line, fucb, that, ab being a tangent thereto, at any point thereof, 
the reQangle Aa x bC Jhall always be equal to the ini'ariable 
fquare 



Suppofing p to be the point where ab touches the required 
curve, let AD, mp be drawn parallel to BC, AB refpedlively ; and 
call AB, a ; BC, b } hm, x } mp, y. 

Then will Aa be =.y — x\x ^y] , Bz = a —y — x LA:_!.y], 



Bb = and bC 

Therefore 



^ 



AaxbCis =3 



aXy — x[x^j'\ — y — x[x-!-y]\ 



[x^y] 






Hence, after multiplying by [x_i_y], we, by means of our 
rcfidual divifion, readily find 

Zbx — TJt^ 



Confequently, by a proper fubfiitution, it appears that the 
equation of the curve is 

ax by^ c\ = e^b + 4c* x vy .* 

Which correfponds to an Ellipfis, or Hyperbola. And if CD be 
parallel to BA ; AB, BC, CD, and DA will be tangents to the 
ellipfis, or oppofite hyperbolas. Moreover, taking AE and CF 

each equal to y, the right line EF will be a diameter of .the 



Figure, whofe conjugate diameter will be = y x 4. c 



Corollary. The middle point P of the right line AC is the 
center of the Figure : And, (fuppofing ab another tangent to the 

* » ft 

curve,) Aa being to Cb, as Aa to Cb; if ab, ab be joined, and 
thofe lines bifedted, a right line drawn through the points of 
bifedtion will pafs through the point P. 

For 
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f 0 

Fig. i6. For let Bd be to BC, as Aa to Cb ; and parallel to Cd draw be, 
* 7 * bf ; alfo, having bifc<fted thofe three parallels in m, n, and o, 

t t 

and the three lines AC, ab, ab in y, r refpeflively, draw 

or, which will all three be parallel to AB. Tlicn from the 

analogies 

de : Cb : : Bd : BC : : Aa : Cb, 

and df : Cb : : Bd : BC : : Aa : Cb, 

t 

it appears that de will be = Aa, and df = Aa. 

Therefore, in cafe the firft (Fig. 26.) ae and ^ will each be 
equal to Ad ; and the parallels mp, nq, or each equal to |Ad. 
Confcquently, mno being a right line, pqr is, in this cafe, a 
right line parallel thereto. 

Moreover, in cafe the fecond (Fig* 27.) ae and af will be 
equal to Ad 2de and Ad -j- 2df rei^dhvely j and the parallels 
mp, nq, or equal to -j-Ad, -i-Ad de, and |Ad -j- df refp^ively. 
It is evident therefore, that, in this cafe, pqr. is a right line 
parallel to dC. 

Scholium. If it be required to deferibe an ellipfis, or oppo- 
fite hyperbolas, that (hall touch five right lines given by pofition ; 
the center of the Figure may be eafily found by this Corollary ; 
And then we may proceed according to the Scholium to Cor. 3. 
of the lad article. 

5 - 

Fig. 28. AB, BC making any angle at B j it is propofed to find fuel a 
curve line, that, ab being a tangent thereto, at any point thereof, 
Aa X bC jhall always be to Bb in the invariable ratio of a' 
to f*. 

Lines being drawn and denominated as in the preceding 
article ; we have, from what is there faid, and from the given 
ratio of the redfcanglc Aa x bC to the redtangle Ba x Bb, 

c''Kb[x^y'\ — a X y — x [x_f_y] -\-y — = 

. a 

a' X a — y-\-x\x^y]\ . 

Hence, 
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Hence, by means of our refidual divifion, (x — x being the 
divifor,) we get 

_ , bc*y — a . 2/j* — c* . -f- — 2<* . jijt 



Which laft expreflion being fubftituted for its equal in the 
equation above, the equation of the curve will be obtained. 
Or the fame may be found (perhaps more readily) by proceed- 
ing as follows. 

Let — - — be fubftituted for its equal [x^y], in the firft 
[/— *] 

equation, and there will refult 



c* X 4 — a[y jL-x^x y\y ^ x\ — x -}- y [y-^-x] — xf = 
a X a — y . [y _i. x] 4" • 



From whence, by refidual divifion, (y — y being the divifor,) 
we find ' 






bc'y — • a . 2fl* — . jr -p aa* — i.c' . xy 

2 a* — 2 a. 2 a* — c* .y -j- 2 a* — 2 c* , y* 



Therefore, [x^y] being = , 

[y — »} 

bc*y— a . 2 a* — c*. x-^2a*- 2c* . xy 2 a* - 2a . 2 a* -c*.y-\- 2 a*— 7c*. y* 

2bc*x -p 2a* — 2c*. X* bc*y — a .2a* —c*.x 2a*- 2c*. xy 

And the equation of the curve, from thence found, is 
6'c'y' 2a6 . 2 o — c .xy — /^^bx = o ; 

which correljxjnds to an Ellipfis or Hyperbola, according as c is 
greater or lefs than a . — It appears that AB, and BC will touch the ' 
Figure in A and C : And that if CE be parallel to BA, and equal 

to — - — . a ; AF, parallel to BE, will coincide with a diameter • 

of the conic fedlion j which diameter will be equal to — i_BE. 

^ rco a • 

and its conjugate equal to —==.. 

^ Vc*^a* 



Corollary I. This conclufion fuggefts Ibme remarkable 
properties of the conic fedions and alfo an ealy method of de- 

L feribing 
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fcribing elliptical or hyperbolic trajectories, that (hall touch right 
lines given by pofition, in certain cafes, to which the theorems in 
the preceding articles are not fo readily, if at all applicable. 

Example. To deferibe a trajcSlory that Jball touch three right 
lines given by p'^ition, and two of them in given points. 

Fig. 29. Let AB, BC, ab be the three given lines, and A and C the 
points of contact of the two firft of thole lines. 

On the line BA take Ae equal to AB, and parallel thereto 
draw C f ; alfo, having drawn chf draw /Bg meeting Cag in g : 
then will gA continued coincide with a diameter of me requited 
trajectory. In the fame manner may the direction of the diameter 
from C be found ; and confcqucntly the center of the conic 
feCtion, it being the point where thofe diameters interfeCt each 
other. — The bufinefs then may be eafily completed, after the 
manner commonly taught, by the writers on Conics. 

This conltruCtion is lb eafily inferred from what is done above, 
that 1 think it unneceflary to be more explicit. 

Fig. 28. Corollary II. If c be equal to a, the required curve will 
be a Parabola. It therefore evidently follows, that, any two 
tangents AB, BC being drawn to any conical parabola A^C, 
touching the fame at A and C, and interfeCting each other at B{ 
if any third tangent ab be drawn (to the fame parabola) inter- 
feCling the tangents AB, BC, at a and b refpeClively, Aa x Cb 
will be = Ba X Bb. And a knowledge of this remarkable pro- 
perty of the parabola enables us to find fome others, and readily 
to perform the bufinefs mentioned in the Scholium to Cor. 4. 

. Art. 3. 

The folutions to thele problems being eafily obtained by means 
of our refidual divifion, and the firft theorem in the preceding 
chapter, without any farther knowledge of our doCtrine j they 
are, it is prefumed, not improperly inferred here. — In a fubfe- 
quent chapter, we lhall Ihew how, by a different artifice in our 
Calculus, fome other theorems relating to curve lines may be 
inveftigated from given properties of their tangents. 

Some of the theorems here inveftigated may be feen, demon- 
■ftrated in a different manner, in Sir Isaac l^zvtTOn’s Phibf. 
Natur. Princ, Mathem, 

THE 
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CHAP. VII. 

Of the Evolution and Curvature of Lines \ with fme 
Inferences relating to the Focules of refleEled and 
refralicd rays^ and the curves call'd Cauftics. 

1. 

Xpo()9040a( Pcrfcdly flexible thread, dCak, being applied along Fig. 30. 
Q-* convexity of the curve dCa, from dto ay fup- 

W"^ jrS pofe the part <* A (of fuch thread) to be extended in 
jR)eOe(MM ^ right line that touches the faid curve in a } fuppofe 
alfo, that, whilil one end of the thread remains fixed 
at dt the other end A be moved towards D, (in the fame plane 
with the curve,) fo that the thread be continually unwrapped 
from the curve, and the part CP which is difengaged therefrom 
be always extended in a right line that touches the curve : then 
fhall the point A trace the involute curve APD that is faid to be 
defcribed by the evolution of aCd, which is itfelf called the 
evclute, and the right line CP is call^ the radius of evolution cor- 
reliwnding to the point P. 

2 . 

Let Pr be drawn at right angles to CP j and, with the radius 
CP, defcribe the circle EPF. Draw any other radius of evolu.- 

L 2 * rion 
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tion eq, e being between a and C ; join Ct ; and draw Cyr, in- 
terfedting Pr in r. Then, by the nature of the evolution, eq-\-the 
curve Qe being manifcftly = CP, cq -f- tke chord Ce is lefs than 
CP; confcquently the right line Cq is ftill lefs than CP. But Cr is 
greater than CP : therefore Cq is lefs than Cr, and the involute 
AP is wholly between the right line Pr and tlie evolute aC. 

The point e being on the other fide of C, and g being the 
point where PC continued interfedls er ; cq (= CP the curve 
Ce) is lefs than eg • therefore gq is lefs than gP. But gr is 
greater than gP : therefore gq is lei's than gr, and the involute 
Pq is wholly between the right line Pr and the evolute Ce. 
Confcquently both Pr, and the circle EPF, touch the involute 
in P. 

The point e being between C and d, fuppofe F to be the point 
where the circle EPF interfedls eqr. Then eq (= CP + the curve 
Ce = CF -f- the curve Ce) will be greater than eF ; confcquently the 
circular arc PF falls within the involute Pq ; and it is plain, that no 
circle deferibed through P, with a radius lefs than CP, can pafs 
between PF and Pq. Moreover, gq being lefs than gP, (as before 
obferved,) a circle deferibed from any point g through P, with 
a radius gP greater than CP, pafles without Py and PF. There- 
fore no circle deferibed through P can pafs between Pq and PF. 

The point e being between C and a, CP (as is proved above) 
is greater than Cq : confcquently the circular arc PE falls without 
the involute Pq ; and it is evident, that no circle deferibed through 
P, with a radius greater than CP, can pafs between PE and Pq. 
Moreover, f being the point where qe continued interfecfls CP, 
Pf -f- fC { — qe the curve eC) being lefs than qf-\- fC, Pf is 

. lefs than qf : confcquently a circle deferibed from any point f 
through P, with a radius fP lefs than CP, pafles within Pq and 
PE. It follows therefore, that no circle deferibed through P 
can pafs between the circle EPF and the involute curve APD, 
all other circles palfing either within or without both the faid 
circle and curve. 

3 * 

The circle which touches a curve fo clofely, that no circle can 
be drawn through the point of contadl between them, is faid 
to have the fame curvature with the curve at that point. Which 

circle 
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circle is called the circle of curvature j its center, the center of 
curvature ; and its femidiameter, the radius of curvature, corre- 
fponding to fuch point of contadt. 

It appears then, that the circle EPF (whofe center is C) is 
the circle of curvature of the involute APD, at P. Therefore, 
by confidering any curve as an involute, the radius of curvature 
(or evolution), at any point thereof, may be readily found, as in 
the following articles. 



4 - 

The curve APD being referred to a bafe AK, fuppofe <7Ci Fig. 3** 
to be the curve by whofe evolution APD is deferibed : draw CH 
parallel to KA ; and fuppofe GH, parallel to the ordinate PB, to 
interfedl the laid bafe in I. Call AB, x-, BP, y, the curve AP, 

7S ; the tangent NP, t ; the fubtangent BN, r ; AI, ^ j GI, c\ 

GH, V } CH, u •, the curve aC, iv j and (CP) the radius of 
curvature at P, R. 

Then, by fimilar triangles and Chap. 5. Art. 5. 

j : r : : u -}- c ; R : : 1 : [*1; ^ R] (= [*u ^ w]). 

Therefore 1 is = y x [v _i. R], and y — y — c = v. 



From the laft equation, we get, by refidual divifion, 

r[v-!-R3 I R h R^ <] fv vl = I = 

/ ' ■ / /* L /J f • 



Hence R is found = 



r3 



C* >3 



/ [v j] — J [v ^ / [* -4- i] — i [jr /J 



by Chapter 2. Article 8. 

_ t [x ^ s'] — I [» f] . f _ 1 -| 

But -i = = = 

— ^ — t] ^ Therefore, by fubAitution, 

we have 

[^ — J'3 X [* — »^3* g]’ 

^3 [» — ,r 3 ” 

where [xj-z] is = v/ 1 + [x 



From 
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From tfaofe equations, and what Is proved in Chap. 2. Art. 9; 
other expreffions for the value of R may be obtained, viz. 

R = — *] X *3* _ LL±fl!. 

«nd R = 

[z _z_ jr] [z -ii. y] 

Or the fame may be obtained from thefe analogies, viz, 
y : t : : u-\-b — x : R : ; \y ^u] : [v _i. R] (= [*u *1. w]), 
which follow from fimilar triangles and Chap. 5. Art. 5. 

Example. In the Parabola, ax being =y‘, * is s=^, 
[y^x]z= [y ^ x] = -i, and [y-Lz] (= v^i + 0^x]‘) 
= .Vi 4 - 1 ^. Therefore R = ^ is, in fuch curve, 

^ ' a* 

equal to 



In tbt Ellipfii and Hyperbola 2 amx -j. ax' is = 2 my ' : and by 
refidual divifion, and fubftitution. 



R is found = : 






a being the Parameter, and m the femi-tranfverfc Axis. 



It is obfervable, that, in each of the Conic SedUons, the 
Radius of Curvature, at the Vertex of the Figure, is equal to 
Half the Parameter. 



COROLLARY. 

The equaticMi of the involute curve being given, we may, 
from thence and what is done above, readily find the nature of 
the evolute. For, from what is faid in the laft article, we have 

• *]* 



r=__lL±:LL. 

= y — f = — y — f) J'J 



•y — f. 






jr.fj 
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R 



tt=— = 



■X — a< 



-si c^-"J 

[^— 7 ] ^ 

From whence, by means of the given equation, x andy may 
be expunged : Confequently the relation between v and u will 
then appear. 

Example. Let ibe involute be the conical Parabola, wbo/e 
equation is ax = y *. 

Then [y a. x] being = J, [y.ii.x]=-i, and [y.:£.z]‘= i 
V is = ^ — c, and a = f. 

au — -f- 0^1^ 



Hence y = 



Suppofc c 0, and b z±=. \a\ then ^ , 

and confequently s= a’. 



Therefore the evolute aC</ is, in this example, the femlcubi- 

cal Parabola : And AI being = and G coinciding with the 

point I, that point is the center of curvature correfponding to 
the vertex A of the Parabola APD. 



6 . 



The curve APD being of the fpiral kind, whofe ordinates all Fig. 32. 
iffue from the point G, fuppofc aQd to be the curve by whofe 
evolution APD is deferibed ; join CG, CP ; and draw GH, 

G(L perpendicular to CP and the tangent PCL.refpedlively. 

Call GP, y; GQ, (= HP,) p •, the curve aCd, w, and (CP) 
the radius of curvature at P, R. 



Then, CH being = R — p, andGH = v/y‘ — p’’, GC will 

be = v^R’ — 2^R 4 “ Now, by Corollary to Article 8. 
Chap. j. 
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CH ; CG ; : [a -£. \/R‘ — 2^^-}“^*] • (=[a^R]) 

i. c. R — p : \/R‘ — 2/»R y'' 

.. R[tt-:-R] — — p-i 

VR‘-2/)R + / . ■ *■ ' '** 

From whence it is evident, that 

^ [a ^ . R [a is = o j 

and confequently R = Jl, « being any function of y. 



Example. Suppofe APD to be the Logarithmic Spiral-, and 
s the fine of the invariable angle GPQ, made by t^ ray GP 
and tangent PQ, radius being unity. 



Then GCL(= p) will be = sy, and confequently R ; 
. J 



[*' — /»] 



Corollary. CP {=. R) being = and p=isy-, GH will 
be=v^y‘ — Jy*=v/i — f* x y, and CG = — y* r= 

y/ 1 — j* X -y . Therefore the fine of the angle GCH will 

always be = r j and confequently, in this example, the cvolute | 

aC</ is the fame curve as the involute APD, but placed in a 
different pofitioo. 

7 - _ ^ 

Fig- 33- Suppofe to be a kind of cycloid defcribed by the point p I 

carried about with the curve aB revolving along the immoveable 
circular arc AB, as in Art. 10. Chap. 5. 

From D, the center of the immoveable circular arc, draw 
perpendicular to ^B continued and, to the continuation of DB, 
draw the perpendicular pc. Call the radius DB, R j Bp, x ; 

Tip, y j B^, TO ; and let fp, the radius of curvature of the • 

cycloid at p, be called E. Then the tangent pt being (by 
Chap. 5. Art. 10.) parallel to ^D, Dt (= />) the perpendicular li 

from D on that tangent will be = w -f- x. Moreover, R being ! 

to 
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to w as X to Be (=Z= ^ will be =x‘ — and 

y'=z^ + ^ = R + ^ -\-x* — !^ = R‘ -|- a;* + 2wx. 

Therefore E (= by the laft Article) is equal to 

* [“ — *•] 4- “' [“ — *] + * C“ — w] 

[a _i_ m;] q- at] 



8i 



Scholium. If R be infinite, i. e. if AB (inflead of being a Fig. 34. 
curve) be a right line : Then Ag being perpendicular on pU i 
and Bg, Bp, Ap, and AB being called w, x, y, and z refpec- 
tively i we have p (the perpendicular from A on the tangent to 

the cycloid at the point p) — x — w, and z= A^ + = 

-f- ^ — - w] = 2* — 2WX. Therefore, in this 

cafe. E is = 

2 . [a .j- • w] 



Example I. het aB be a circular arc wbofe center is d ; and Fig. 33. 
rail the radius Bd, r j dp, Then, x* — B?| being = ^ = 

— Be — r\ = — r‘ 4- 2r X Bf — B?| , it is evident thatBr, 

or its equal is = ^ ; Hence w = — x x‘ -f r* — o\ 

Confequcntly / (= it» + *) is := x“‘, 

/= R- + ^. 7 TT 7 + and 

g 2.R-f-r.jr’ R-J-r.** 

R + 2r . X* — R . r* — f* R -f- r . X — rw 



Corollary I. Suppofc the deferibing point p to be in the 
periphery of the moveable circle. Then, ^ being — r, /> is 

= h±!:.x, / = R‘+L+:.x’, andE = i-L^EI 

2r •' ' r ’ R -|- 2r 



X. 



M 



From 
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From whence we have = R* -}- /•* 



R* 






aii 



v/E‘ — 2/>E-j->'"= '■^y ffo*” poiiit of 

the cvoliite correfponding to the point p of the involute) = 

Now Dg z= p being = v^R‘ — iv^ 

r . R -f- 7r| 

= ^/r* — , A-’ is = 4r* — 3.nd confcquently 



y = 



R* 






r+/- 






R + ari 



Bringing the laft expreflion to the fame form with the value 
of y'’ we have =* il‘ ^ where R* muft 



be = 



R* 



r. and 







R» '' Rr 



R + arl 



Therefore, R is 



, r r= g— ; — , and R 4 - 2r = R. 'Hence it is plain, 

that the evolute of the cycloid ipq is another cycloid, which 
may be dcfcribed by ‘a point in the periphery of a circle 
Rr 

whofc radius is revolving upon the immoveable circle 

R* 

wliofc radius is 5— — and center D } and the poAtion of the 

Xv 2r ^ 

evolute with rcfpedt to the involute is very obvious. 



Corollary II. Let the fixed point P be fo fituated, that 
AP and DP fhall be rcfpc^lively equal to j and let r be 
fuppofcd equal to R. Then, the arcs AB, aB being equal, if the 
ray PB be drawn, the angle DBP will always be equal to the 
angle DBg. Therefore the evolute of the cycloid opq is the 
cauftic by reflection of the circle AB, P being the focus of the 
incident rays. 

Now, R being = r, E will be = ■ ■ ■■ - -■ — — and 

I^= E — X (the diftance of the focus of the reflefted rays from 

the 
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the point of incidence) = -■ ** = — — — , where 

r ' — >• + f ^ 2Jr — w 

X k =z PB, and ^ = PD. 

Hence it is obvious, that if j be = r, i. e. if the focus of the 
incident rays be any where in the periphery of the circle AB, 

the focal diftance Bf will always be = 

Corollary III. Let r and ^ be fuppofed each equal to -jR. Fig. 35. 
Then, the arcs AB, aB being equal, and the deferibing point 
p coinciding with a, if any ray PB be drawn perpendicular to 
AD, the angles DBP, D^ will always be equal. 

Therefore the evolute of the cycloid opq is the caullic by 
refledlion of the circle AB, the incident rays being parallel. 

Now, tR being = r = ^ , E will be = ; and the focal 

diftance f* = |w. 

Corollary IV. AB being any refleding curve whatever 
the focus of rays rcfledled from any rx)int (B) thereof may be 
found by the above theorems, by conndering R as the radius, 
and D as the center of curvature of fuch curve at the point of 
incidence. 

Example II. Let ap be perpendicular to the tangent to the Fig. 36. 
moveable curve at a, and the points P, A, D in a right line : 
and fuppofe the curve aB of fuch a nature^ that, the arc aB being 
equal to the arc AB, pB (= x) jhall always be equal to ny. PB, 
n being invariable. 

Then PB being continued, and Dh drawn perpendicular 

thereto, «\/R‘ — v' will be = \/R‘ — w‘, v being put for 
Bh : for it follows from Chap. c. Art. 8. that the fines of the 
angles DBh, DBg will be to each other in the invariable ratio 
of 1 to « refpe^lively j thofe fines being refpedlively equal to the 
cofine of the angle made by PB and the common tangent to the 
two curves at B, and the cofine of the angle made by pB and 

the fame tangent. — Moreover, calling AP, d ; ^^pR| — R* 

4- oj* will be = <u means of which equations 

M 2 [U.L- 
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[rt ‘If] and [« *] may be eafily expunged out of the equation 

E == + w[uJ-x] 4 

t« ^ w] 4 [« — Jfj 

j, It — nt; . JT ^ 4 **'* — ”***■ * ' 

u' — ;.i/ . jr — n'v’’ 

CoROLi-ARV I. The fines of the angles DBh, DBg being 
to each other in the invariable ratio of i to « refpedlively, the 
evolute of the curve opq is the cauftic by refradlion of the 
circle AB, P being the focus of the incident rays, and i to « the 
ratio of the fine of incidence to that of refraftion. Confequently, 
taking x from the value of E, and writing ny infiead of x ; 
"Q/t the diftance of the focus of the refrafted rays from the 

point of incidence, will be found = where y 

* tty — nvj — mr •' 

is equal to PB. 

Corollary II. AB being any refradling curve whatever, 
the focus of rays refradted at any point (B) thereof may be 
found by the theorem in the preceding Corollary, by confidering 
R as the radius, and D as the center of curvature of fuch curve 
at the point of incidence. 

fig. 34. Scholium. If R be infinite, i. e. if AB (inftead of being a 
curve) be a right line, to which AP is perpendicular. Then, 
Ah, Ag being refpedlively perpendicular to BP, B/ •, and AP, 
Bh, Bg, Bp, BP, and AB being called d, v, w, x, y, and z 
refpedlively j we have y* — = ty, x = tty, arid 

w = fiv. From whence we get x — w = ny •— nv = — 

y T-” -- = • and z‘-j- X*— 2wx = y**«— 

= y* — » y* — 4 " 

Therefore, by the Scholium to Article 7. E is = — ^ — 

Confequently, in this cafe, by what is obferved in Corollary l . 
E — X, the diftance of the focus of the refradled rays from the 

point of incidence B, is = ^ ny, B being the focus 

of the incident rays. 

8. To 
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8 . 

To find the point F where any refraded ray BF meets the Fig. 37 . 
axis AF of any refradhng curve AB. Draw the incident ray PB, 
the ordinate BC, the tangent B/, and BD perpendicular to that 
tangent.. Call the abfcilTa AC, x j the ordinate BC, y j the 
curve AB, z ; PB, v j BF, w AP, d-, AF, e : and let the fine 
of incidence be to that of refraftion, as i to «. Then, the fub- 
tangent, ordinate, and tangent being to each other as i, 
and [x _L z] refpcdively, by Chap. 5 . Art. 5 . we have 
I : [x_:._y] : : y : ylx^y"] =z CD j and (radius being i) 



[X_LZ] 

[x^z] 



the fine of the angle /BC = BDC ; 



[x^zy 

I : J Fx ^ vl : [!LzJ1 the cofme of the lame angle. 
Moreover v ; i :: d-\~x ; the fine of the angle PBC ; 



and V : 1 ; : y : the cofine of PBC. 

Now the cofine of the difference of two angles being equal 
to the reftangle of the two fines p/us the redlangle of the two 

cofines of thofe two angles, * ■ 4- is the cofinc 

^ v[x-L.%] ' v[x^z] 

of the angle /BP, or the fine of the angle of incidence. 



Therefore, n times this laft fine being the fine of the angle 
of refradlion DBF, we have 

» X * ; 1 ; ; e X y [x J^y] (=DF) : IV. 

v[x -J- z] [jf-l_z] 

Confcquently, v being =:^y*-\-d-\-x\ , and w = > 



„ X is = . 

. >/d-\-x[ +/ s/t — xl +/ 

by means of which equation, and the equation of the given 
refradting curve, e may be readily determined. 



Scholium I. If dh^ infinite, i. e. if the incident ray PB be 

parallel to the axis of the curve, tlic fine of PBC will be = i, 

and 
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and the cofine = o. Therefore, in that cafe, nil'.: DF : BF, 

t — x-y[x-!-y] 



and confcqucntly n = 



y/ /— Afi‘ + / 



Scholium II. That the rcfrafted rays may be all parallel, 
the angle made by BD and any ray after refra(fUon at B muft 

be equal to the angle BDC. Therefore « X ^ 



I . 



i and confequently, in tliis cafe. 



muft be = 

[x^z] 

n X ^ •i' * ^ muft be = i. 

Example I. The refraEling curve being Des cartes Ova U 
•wbofe equation is »y +J'* — = 3— +/ j 

we. bv refidual divifion. get wx ***^**^^^/ - = 

Which equation being compared witfi the equation 

f-x—y[x^y^ foynd, it appears 

V^5"+lr| r— -Tl + JF* 

that the fines of incidence and refra<ftion being as^ i to «, if 
(« being lefs than i, and a and b pofitive quantities,) d be 
= <7, f will always be = ^ j and the refrafted rays, from every 
point of the curve, will all meet the axis in one and the fame 
point, which therefore will be their common focus, without any 
aberration. 

Example II. Su/>pofe the curve AB to be a circle, ‘zcf/5^ 

radius is a. Then, v* being = 2 ax — x'' , y [* -' y] is = <? x~, 

and by fubftituting thefe values ofy‘ andy [x.i-y] for their refpec- 

... . d^x^-ylx-i-y] _t — »—y[a±y) 

tive equals m the equation n x ■ -^ -= =- ~ » 

y' d + x\ +y' * “ ' “ 



wc have 



n .a tJ 



\//* q- 2 . fl — . 



y / 1 — x\ y' 

from whence, 



y/d^-\-7..a-\-d.x 

when a, d, n, and x are given, e may be readily found; and, 
confequently, the aberration of any ray from the focus of rays 
felling on or very near the vertex A. 



From 
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From the laft equation we get — + 



-f" a • <J — # . . 



therefore 



\/iV 



'* + 2 ^* . !» + </.*•. bn ,a + d , t. . n 

_£ -5=~ IS = b being of any 

value whatever. No w fuppofing e* = b^d\ and a — e z= 

b xa-^d, - it is evident, muft be z=z i, let ;r be what 

it will : From which equations we have e = 

« -j- I . <7, and d =. — Hence it appears, that if P be 

on the concave fide of AB, and its diftance from A be = , 

the refradled^ rays from every point of the curve will all diverge 
from one point in the axis, the diftance of which point from 

A will be = a -|- I . a. 

And it follows, that rays converging to P, (htuated as juft 
now mentioned,) and falling on the convexity of the circle, will all 

be refraifled to F, AF being zsi n i . o. 

Example III. Let AB be an ellipfis, wkofe equation is j' = 

7* > being the parameter^ and b the tranfoerfe axis. 

Then will — .J g — je = — ^ g — xl ax-— ■ 

g being of any value whatever. Hence, by relidual divifion. 



we get 



— .vi 



f — ■» — + 

»J t *\ -i- ox — -Ij 



By compar- 



ing this equation with that in Schol. i. it appears that, the in- 
cident rays being parallel to the axis of the curve, e will always 
be equal to the invariable quantity g, let x be what it will, if 

g — * — io + 1» - 

be always = n, or g — {a — j . x 






•J g — A 

always = x g — xf -\- ax — -"V j i. e. g — {a\ -f 
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2 .g — Y ~ • *■■* always a= -f- 

n'.a — 2g.x — y — * • ■’f’* Now, that this laft may be a 

true equation, x being of any value whatever, g — {4 muft be 
= n'g\ 2.g—-\a.^—i:=n.a — 2g {= — 2n\g — {a'), 

t ■ — 

and j — i| = — ”**7 — And from thcfe equations we 

have -j = I — «*» and g s= ^ax t + ”> which 

value of g is the diftance of the remoter focus of the ellipfis from 
the vertex, when 4 is = i — «*• It is evident therefore, that, 

if b 

being = i — and the incident rays being parallel to the 
tranfverfe axis, and falling on the convexity of the curve, the 
refraded rays from every point of the figure will, without any 
aberration, all converge to the focus juft now mentioned. 

And (rcverfing the ratio of the fines of incidence and refradion) 

. it is obvious that, being = " and the incident rays ifluing 

from one of the focufes of the ellipfis and falling on the con- 
cavity of the farther half thereof, the rays after refradion will all 
proceed in a diredion parallel to the tranfverfe axis. 

Writing — b inftead of the equation of the curve becomes 

y' ■= ax -Jf yjf‘, correfponding to an hyperbola whofe parameter 

is a, and tranfverfe axis b. It follows therefore, that, j being 

= «*— I, and the incident rays being parallel to the tranverfe 
axis, and falling on the concavity of the curve AB, now fuppolcd 
an hyperbola, the refraded rays will all converge to the focus of 
the conjugate hyperbola. 

And (reverfing the ratio of the fines of incidence and refradion) 
it is obvious that, ~ being =z — incident rays iflu- 
ing from the focus of the conjugate hyperbola, and falling on the 
convexity of the hyperbola AB, the rays, after refradion at the 
laft-mcntioned curve, will, from every point tliereof, proceed in 
a direction parallel to the tranfverfe axis. 

THE 
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RESIDUAL ANALYSIS. 



CHAP. VIII. 

Of the greateft and leaft Ordinates, the Points 
of contrary flexion and reflexion, and the double 
and triple &c. Points of curve Lines. 

1. 

F, y being feme flindlion of x, y be always lefs or 
always greater than y, .when x, taken between cer- 
tain limits, is either lefs or greater than x, how near 
foever x be taken to x j the value of y, or the quantity denoted 

. t 

thereby, is confidered as a maximum or minimum., without regard 
to any value it may have when x is not taken between the faid 
limits. 

2 . 

The ordinate from a point of a curve is a maximum, or mini- 
mum, when, the curve being immediately continued on both 
fides thereof, it is greater, or lefs, than the ordinates which may 
be drawn, on cither fide of it, from the adjoining parts of the 
curve. 

N -3. Sup- 
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3 - 

Suppofe y to be the ordinate of a curve corrcfpondlng to 
the abfcilTa x ; and y another ordinate (of the faniC curve) 

corrcfponding to the abfcifla x. Then if_y be a maximum^ it 

will be greater than y, vsihethcr x be lefs of greater, than x, pro- 

vided X be taken between certain limits : • and confequei\]tly the 
• « 

refidual y — y will, in fuch cafe, be always pofitivc, when x 

is taken eitJicr lefs or greater than x, between thofe limits. 

But if y be a minimum, y — y will be always negative, when 

X is taken either lefs or greater than x, between certain limits. 

0 

Now feeing that, when y is a maximum or minimum, the 
value of the refidual y — ^ muft be always pofitive or always 

negative, when x is taken either lefs or greater than x, between 

certain limits : it is obvious, that, in fuch cafe, tlie value of 
y — y -i-x — X will, accordingly, be pofitive when x is lefs 

than X, and negative when x is greater than x j or pofitive 
when X is greater than x, and negative when x is lefs than x, 
how near foever x be taken to x. Therefore, by Chap. 4. 
Art. 1. 

• ^ j 

[x_i_y] will then be = o, or = o. 

Moreover, fuppofing l> to denote a value of x in either of 
thofe equations, and d the correfpondent value of y, d being a 

maximum or a minimum, will, accordingly, be pofitive when 

X is lefs than b, and negative when x is greater than b ; or pofi- 
tive when X is greater than b, and negative when x is lefs than b, 

how 
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how near focver x be taken to between certain limits. There- 
fore, by what is faid in Chap. 4. Art. 3. that cxprcflion, viz. 

^ f will be = a: — Q ; 

m being fuppofed an odd number, or a fraftion whofe numerator 
and denominator are both odd numbers j and QJbme algebraic 
expredlon conlifting of fuch quantities, that its value fliall be 
real when x is either Icfs or greater than b, (between certaia 
limits,) and that neither it nor its redproeal fliall vanifli when x 
is equal to b. 

And it likewife follows from the article laft mentioned, that, 
the abfdfla being equal to b, the correfpondent ordinate fliall 
be a maximum or a minimum, according as y, the value of 
when X is equal to b, is negative or pofitive, m being as juft now 
fpecified. But, if m comes out contrary to our fuppofition, the 
abfeifla, when equal to b, will not correfpond to an ordinate that 
is either a maximum or a Wwwttw.— This we fliall, by and by, 
explain by proper examples. 

The equation = x — Q^eing divided by x — b^, 

« — d 

we have ^ - = Q > where (</ being 6nite) i muft 

be pofitive, otherwife q and — cannot be finite. Now,^by 

^ V d 

Chap. 2. Cor. to Art. 6. the value of -- r , when x h = b, 

is equal to the value of the quotient of [x j_y] divided by 
m-\-i . X — />[”*, when x is taken z=z b : Therefore q will be 
equal to the value of — , when x is taken as juft 

m 4- I . X — i]" 

now mentioned. Hence it is evident, that m and q may be found 
by refolving [x ^ y] into two fuch fadtors, (F and G,) that 
one of them (F) fliall be fomc power of x — b, and the other 
(G) fliall neither vanifli nor become infinite when x is therein 

taken equal to b: for by comparing x — b^ with F, m will be 

known j and q will be the value of when x is equal to b. 

■' »a 4- I , ^ 

Moreover, Qjxill be real or imaginary when x is taken Icfs 

N 2 or 



Digitized by Google 



92 



THE RESIDUAL 

or greater than by between certain limits j according as G is real 
or imaginary when x is fo taken. Therefore, by means of the 
faid factors F and G, we may readily know whether the ordi- 
nate correfponding to the abfcilTa ^ be a maximum or minimum, 
without afligning the general value of Q. 

Example I. Suppofe y = ax — x\ a being invariable. 

Then we lhall have [xj-y] — a — zx — x — -^x — 2 = oj 

where x is = — . 

2 

Now, b being = we have F = x — ^ = x — b'C , and 

G = — 2 . Therefore, being = i, and y (the value of 

when X is = ^) being a negative quantity, y is a tnaximum 

when X is = — . 

2 

Example II. Suppofe y = x* — a’x, -where a is invariable. 

Then we have 

[x ^y] = ^ ^ 4- 4x‘ = o ; 

where the real value of x is 
« 4 * 

Now, b being = we have F = x — ^ = x — b\ , and 

G = 4- Therefore, m being = i, and q 

(the value of ^ when x is = ^) being a politive quantity, 

y is a minimum when x is = 

Example III. Suppofe y = x‘ a' — x'\*, -where a is an 
invariable pofitive quantity. 



Then we (hall have 




* 2xXa‘ — — 2jt* being fuppofed = 2 ^ X — .>^’ 1 ^ will be =: ^ -f- 2 jt% 

and 
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— * ^ X + aifljr -J. 2 ** 

= — — j? bcine put for die nu- 

merator 2x x a' — ;c '|7 — 2 x') = o ; and — - — = 

[•» — 

o’ — X — a|^ X o’ + o* d- *‘1^ 

ZX X o' — *>1* — 2x' 2X^ — 2X X o' — 

In the equation [x ^ _y] = o, the real values of x are o and 

— . j and, in the equation = o, the real value of x is a. 

a ^ 

Taking 6 equal to o, v/e have F = x — = x — b\'^, and 



G = 



— 8 X *■ — ^ X 2^fl* -f- 2^0Jf + 2X* 



o’ — X ^*jr— » -|i bg q-I2;r* 



Therefore, m being ma^ 

nifeftly r= i, and y (the value of when x is = ^) being 

a pofitive quantity; ^ is a minimum when x is = 0. 

Taking b equal to we have F = x — - = x — ^l”*, 

and Kj — Therefore, m being — i. 

and q being a negative quantity, _y is a maximum when x is = 

21 



Taking b equal to <2, we have F = x — -tf| ^ — x BT 

. Therefore m being = — — , and 



and G = 



2Af* — 24 T X a' — x^ 



a* 4- ojr + Jr‘l^ 

q being a pofitive quantity, ^ is a minimum when x is = <2 

and 8a’*» — 16** 4. 4. I2^jr*. From whence it is evident, that 

It g be multiplied by g* 4. 6 gx* 4- 12**, the pr oduift w ill be equal to 

l6jr*i and therefore it is plain that ^ ° ^ ^ is equal 



to 



8 a’a'’ — 1 6*’® 



o’ — »'| 1 
8o’r — i6jr* 



o' — a:’|T X 4. bgx* 4- I2jr« o' — x’jTy *4. bg 4. J2x*’ 

«ch divided by the variable quantifj- bv 

wh.chbothgo’ar'- i6AT®and ^'4- 6^,*4. ,2a- are divifible. ' 

Exam PL s 
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Example IV. Suppcfe y = a*x — a’x* — ja‘x‘ Jax* — 
-Jx’, •where a is an invariable pojitive quantity. 

Then will be — za' x — 2<z‘x‘ bax^ — 3X* = 

a . a I * 

— zxx — — XX + -T= XX — a\ =0 i 
^3 ^3 

where x is equal to , or ^ , or a. 

^ 3^3 ■ • 

Taking b equal to we have F —x ^ = x — < b\ , 

V 3 V 3 



and G = — 3 x x Therefore, m being 

V 3 

G • 

evidently = i, and q (the value of - when x is = ^) being 
z negative quantity, ^ is a maximum when x is = 



Taking b equal to — we have F = x -|- ^ = x — , 

' ' ~ * 

andG = — -jxx ^x x — . Therefore, m being = 1, 

•^3 

and q being a pofitive quantity, y is a minimum when x is =•— — . 

Taking b equal to a, we have F = x — a\ = x , and 

G = — 2XX ^xxH — Therefore m is = 2 j 

v^3 V3 

which being contrary to our fuppofition, it follows, that y is 
neither a maximum nor a minimum when x is = a, notwith- 
ftanding this value of x is determined in the fame manner as are 
the other two values above fpecified. 

Example V. Suppofe y = x + — ^'1 ® 

invariable pojitive quantity. 



rr., ITT o’ — A'|l / o' 2 o’a’ 

Then have 
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X — X “ — 2^a*x — la’jf* 

2t - - 1 

■ 1^ being put for«' — * | f— a’) = o ; 



X + 3S-»’ + 3*^ 

and — L-= .‘'—p— — X 

r. . T . .It < - 

fl' — Ar'l* —;r' 



O. 



[x^y] flTZrp|J_jf* 

In the equation [x _:. ^-] = o, the real value of x is 4 J and 

21 

in the equation = o, the real value of x is a. 

[xJ-y] 

Taking 6 equal to 4 , we have F = a: — 4 = 

^ ^ being = i, 

and g (the value of — ^ when at is = ^) being a negative 
quantity, y is a maxirfium when x is = 4. 

2T 

Taking b equal to tf, we have F = x a]~ ^=i 'x — l\T, 

and G = — ^ _r =^‘ Therefore w is = — — • which 

being contrary to our fupjx)fition, it follows, that y is neither 
a maximum nor a minimum when jc is = «. 
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Example VI. Suppofe y = a — tE^+EEH, w/jerf a 



is invariable and pojitive. 



aT 



Then will 



r It. e a ni I ri — V 25 X Jf — — Xx — a 

[x^yj be =; 5 • — *[ ___ 7 . . a — x ^ 

2ai a 

where x is equal to or to a. 

25 



— ==— ii . — r 
80 ^X 5 . a- »l’+4<7j 



o; 



Taking b equal to we have F = x — = x bfy 

25 2S ' 

and 
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and G = 



2S X y — a 



and 



' -■ ^ 1 
2^^ X 5 • « — yl + ' 4^’ 

G 



Therefore, m being = i. 



g (the value of - — - when x is = ^) being a negative 



quantity, y is a maximum when x is = 



90 

25 



Taking b equal to <7, we have F = x — a ■=. x ^1”*, and 

G s= 2SX — 9a _ Here m, which is manifeftly = l, 

tai X 5-0 — *r + 4o^ 

is agreeable to our fuppohtion ; but, the value of G being 
imaginary when x is greater than a, it appears, (as it likewile 
docs from the equation of the curve,) that, when x is equal to 
a, the curve is not continued on both fides of the ordinate ; 
therefore y is not then a maximum or minimum, within the 
meaning af our explication in Art. J. and 2. 

It may be worth while to enquire concerning the point of 
the curve to which the ordinate a (determined as above) corre- 
fponds, when m comes out contrary to our /uppofition, or G is 
not real, both when x is greater and when Icfs than b: and that 
I purpofe to do, in the next article. 



4* 

Fig. 38. We have found, in Chap. 5. tliat — - — is the general value 

39- f' — >] 

40. of the fubtangent ; therefore [x^y] is the quotient of ‘the 

ordinate divided by the fubtangent. Now it is obvious, that the 

^2. fiid quotient will vanilh, when, the ordinate being finite, the 

tangent is parallel to the bafe } and that ^ the reciprocal of 

the fame quotient will vanilh when the tangent coincides with 
the ordinate. When the tangent is parallel to the bafe, the 
49. ordinate may be a maximum or minimum, as in Fig. 38, 39. or 
it may pafs through a point of contrary flexion, as in Fig. 40. 
or correfpond to a cufpid, as in Fig. 41, 42, 43. Alfo, when 
the tangent coincides with the ordinate, fuch ordinate may be a 
maximum or minimum, as in Fig. 44, 45. or it may meet the 
curve in a point of contrary flexure, as in Fig. 46, or correfpond 

to 
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to a cufpid, as in Fig. 47, 48. or touch a continued arch,' as 
in Fig. 49. It app^5 therefore, that, b being a value of x in 

the equation [a; ^y] = 0, or — L- = and d the corrcfpcn- 

dent value of (as fuppofed above,) the ordinate d may be a 
maximum or minimum^ or correfpond to a point of contrary 
flexion or reflexion, or touch a continued arch : moreover, the 
tangent to the correfpondent point of the curve will be parallel 
to the bale, or coincide with the ordinate, according as b is de- 
termined from the equation [x^y\ =5 0, or — I = 0 • -f, e 

according as «, in the equation y — d =z 'x — x Q ii 
pofitive or negative. . 

ordinate d correfponds to a point of contrary flexure, 

^ — < mull be negative when 

Jf IS lefs than b, and pofitive when x is greater than b : or 
negative when x is greater than b, and pofitive when x is Icfs 

th^/. Therefore x — ^ mull, in that cafe, be negative or 

polkive, acrording as x is lefs or greater than b j and confequently 
an odd number, or a fraiflion whofe numerator 
and denominator are both odd numbers. From whence it fol- 
lows, that m mull then be an even number, or a fradion whofe 
numerator is an even number and denominator an odd number. 
It is eyiden Aereforc, that, when is as jull now fpecified. 
and G is real both when x is greater and when lefs than b, the 
ordinate 1/ meets the curve in a point of contrary flexure; and the 
tangent at that point will be parallel to the bafe, or coincide with 
le ordinate, according as /» is pofitive or negative : moreover, if 

y fame time, 

e or decreafe, according as f is pofitive or negative. 

L’Hospital cufpid, (cr 

cyp,d „fi,d ,0 be of, be firil kind ; bu,’pf, be fecond kind J™ 
ty ^xity of one of tbofe branches is lostards ibc concavity of the 
«fer._In what follows, wc wUl obferve the fame diilMion. 



o 



laCt 
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Let AE be the bafe upon which the abfeifla x is meafured 
when y is conftdered as the ordinate, and let AF be drawn pa- 
rallel to the laid ordinate. Then, y being fuppofed to denote any 
abrciila AD, mc.ifurcd on AF } and a; the correfponding ordinate 

DP ; we have, by the preceding article, [y -i- a;] = 0, or 






= 0, when a; is a maximum or minimum. Therefore, [x y] 



(by Art. 9. Chap. 2.) being = 



will be = 0, or 



y] = 0, when x is as juft now memioned. Moreover, 
ficna the equation x Q, we get =: 



Z X — 1“. Therefore, by the laft article, — ; — muft 

be an odd number, or a fraftion whofc numerator and denomi- 
nator are both odd numbers, when x is a maximum or minimum: 
Hence it follows, thatw muft then be afra^Hon whofe numerator 
is an odd number, and denominator an even number.— -Now, 
when DP ( — x) is a maximum or minimum, CP (parallel and 
equal to AD = y) either touches a continued arch ; or corre- 
fponds to a cufpid of the firft kind, with the tangent at the point 
of reflexion parallel to the bafe. — It is manifeft therefore, that, 
if, when DP is equal to b, the curve be continued on both fides 
of that line, m muft be as juft now fpecifled } and the ordinate 
d will corre(jx)nd to fuch a cufpid as we laft mentioned, or touch 
a continued arch, according as m is pofttive or negative. 

From what has been Ciid it is evident, that, m being any number 
or fraction whatever, if the curve be not continued on both fides 
of die ordinate d, that ordinate will correfpond to a cufpid of the 
fecond kind ; except when /w is a findion whofe numerator is an 
odd number, and denominator an even number, in which cafe 
the faid ordinate may correfpond to a cufpid of either kind, or 
touch a continued arch. 



Corollary I. The value of [x^y] being exprefted by a, 
fraction, if, by fuppofing the numerator thereof = 0, x be found 
equal to (any quantity) b ; and, by fuppofing the denominator 
— 5, X be likewife found equal to it may, in fuch cafe, 

happen. 
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happen, that m fliall be = o. When It fo happens, the ordinate 
correfponding to the abfcifla b will meet the curve in a double 
or triple 8cc. point, according as q has two or three &c. values. 
If, m being =.o, q has two equal values, the faid ordinate will 
correl'pond to a p>oint of the curve where tw'o branches tlicrcof 
touch each other, either forming a cufpid there, or being con- 
tinued on both fides of fuch ordinate : and, if the values of q are 
all imaginary, fuch ordinate will correfpond to a conjugate point. 

The pofition of the tangents to the feveral branches of the 
curve, at fuch double or triple &c. point, will be known by 
means of the feveral values of q : for, m being = o, q is the 
value of when x is equal to b ; and therefore q will then 

be to unity, as the ordinate to the fubtangent. 

Corollary II. m being a pofitive odd number, or a pofitivc 
fraiflion whofe numerator and denominator arc both odd num- 
bers, as many fingle different real values as q has, fo many dif- 
ferent branches of the curve arc continued on both fides of the 
ordinate </, touching each other in P, the point to which the faid 
ordinate correfponds : and two equal values of q denote two con- 
tinued arches of equal curvature at P, and both turned one way } 
or a cufpid of the fecond kind, at that point. 

The tangent, at P, to fuch cufpid, or continued arches, will 
be parallel to the bafe ; and, according as q is negative or pofitive, 
the branch to which it relates will, at P, have its convexity up- 
wards or downwards. \ 

Imaginary values of q indicate a conjugate point at P ; being 

as in this, or the next Corollary. 

Corollary III. m being a negative odd number, or a ne- 
gative fradlion whofe numerator and denominator arc both odd 
numbers, as many fingle different real values as q has, fo many 
different branches of the curve are continued on both fides of 
the ordinate </, each forming a cufpid of the firft kind, at P : and 
two equal values of q denote two fuch cufpids, both pointing one 
way j or a cufpid of the fecond kind, at tnat point. 

The tangent to each of thefe cufpids will coincide with tlie or- 
dinate ; and, according as q is negative or pofitive, the cufpid to 
which it relates will point upwards or downwards. 

O 2 Corol- 
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Corollary IV. m being an even number, or a fradbon 
wliofc numerator is even and denominator odd, as many fingle 
diflcrent real values as q has, fo many different branches of the 
curve are continued on both Tides of the ordinate each having a 
point of contrary flexure at P : and two equal values of q denote 
two fuch branches, both turned alike ; or a cufpid of the fecond 
kind, at that point. 

1 he tangent to fuch cufpid, or point of contrary flexure, will 
be parallel to the bafe, or coincident with the ordinate, according 
as m is pofitivc or negative; and, according as q is pofitive or 
negative, y will be greater or lefs than d, when x is taken greater 
than b. 

Corollary V. w bring a pofitive fradbon whofe numerator 
is an odd number and denominator an even number, as many 

fingle different pofibve real values as q and — 1 1” x q have, fb 
many ciifpids of the firft kind will be formed at P : and two 

equal pofitive real values of q, or of — 1 1” x q, denote two fuch 
cufpids, at that point, both turned one way ; or a cufpid of the 
fecond kind there. 

The tangents to fuch cufpids will be parallel to the bafe ; and, 
(x being fuppofed pofibve when the abfeiffa is on the right of 
bic point where it begins,) according as the value of q or 

— i|’” X y is real, the branch or branches forming the cufpid, 
to which fuch value relates, will be on the right or left of the 
ordinate d. 

m being as in this, or the following Corollary, a conjugate point 
is indicated, if neither q nor — i j” x f be real. 



Corollary VI. m being a negabve fradbon whofe numera- 
tor is odd and denominator even, as many fingle different pofibve 

real values as q and — i]’" x q have, fo many continued arches 
will be touched by the ordinate d : and two equal pofibve real 



values of q, or of — i| x q, denote, that d is z tangent to a 
cufpid of the fecond kind, at P ; or that d touches two con- 
tinued arches of equal curvature at that point, and both turned 

"'“y- Moreover, 
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Moreover, {x being fuppofed pofitive when the abfcilTa is on 
the right of the point where it begins,) according as the value 

of q or — il”x q is real, the continued arch, or the branches 
forming the cufpid, to which fuch value relates, will be on the 
right or left of the faid ordinate </, 

Scholium, m being any number or fradlion whatever, if q 
has two equal values, P, inllead of being as above fpcclfied, 
will fometimes be a conjugate point. And, from this obfervatlon 
and what is faid above, the confcquence is obvious, when, m be- 
ing of any value whatever, q has three or more equal values. 

Thefe Corollaries are of great ufe, for preventing miHakes 
concerning the greateft and leaft ordinates, and for afeertaining 
the true form of a curve from the equation thereof; as will 
farther appear by the examples in the following articles. 

5 - 

If the value of y be not exprefled in terms of x, (as is fre- 
quently the calc,) the value of [x --.y\ will be exprefled in terms- 
containing both x and y. In which cafe, m and q will not be 
found as when is a funfkion of x without y being con- 

cerned therein. But they may then be found as follows. 

Suppoflng ^ to be a value of x, and d the correfpondent value 
of yy when cither the numerator or denominator of the value of 

[x JL. z= 0 i fubllitute d x — ~VC * x Q_for y^ in the 
equation of the curve ; (the terms being all on one fide, and 
confcquently = o ;) and, in the expreflion which rcfults upon 
fuch fubftitution, take m of fuch a value, (greater than — i,) 
that the laid expreflion being divided by Ae lowcft power of 
X — ^ in the feveral members thereof, the quotient lhall not, 
upon taking x equal to b, confift of lefs than two members, all 
the terms in which Q^is not concerned being accounted bat one 
member. Then, fuch quotient being = o, by writing therein 
q inftead of Q, and the value of b inllead of x, q will from 
thence be determined. 

m and q may alfo be found by fublliluting d x — ^ xq 

ioty in the value of [x .^. jt]. For the refulting expreflion being 

divided 
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divided by m-\-i x x — l>\", the quotient, when x is thcrpin 
taken equal to will, by w'hat is proved above, be equal to y ; 
i. e. if R be put for the expreflion which is obtaineil by lubfti- 
tuting, as juft now mentioned, in the value of [x -^y], 

when X is = ^, will be = w -j- i x y : 

X — ir 

from whence m and y may be readily determined, by taking m 
of fuch a value, that the numerator and denominator of the vdue 

of the exprcfflon - - ftiall each be divifible by one and the 

X — L\ 

fame power of x — b\ and, when each is divided by fuch 
power, neither of the quotients fliall vanilli upon taking x equal 
to b. 



Remark. The exponents of the fcveral powers of x and jr 
being politive integers, the conclufton will be exadlly the fame, 
(and the procefs more concife,) if, when the numerator of the 
value of [x j_y] vanifhes, and the denominator, at the fame time, 
does not vanilh, we write b for x in the denominator, and onljr 
d for y in both numerator and denominator : Alfo, if, when thi 
faid denominator vaniftaes, and the numerator, at the fame time, 
does not vanifli, we firft write b for x in both numerator and 

denominator, and then fubftitutc d -f- x — y for^ in the 

denominator, and only d for y in the numerator ; omitting (in 
this latter cafe) in the denominator, every term wherein y is not ’ 
concerned before fubftitution, and every term but thofe wherein j 
the lowed power of y is concerned after fubftitution. 

For the terms omitted in the value of R in confequence of thcle 
rules would, if they were therein written, always vanilh in carry- 
ing on the procefs ; as will eafily appear, upon conlidcring what 

we juft now faid concerning the expreflion . 

X — h\ 



Example I. Let the equation of the curve be x* — axy‘ -j* 
cy' = o, a and c being invariable pofitive quantities. 

Then, by rcfidual divifion, we have 4jf’ — ay'’ — 2axy [x v] ' 
-j- [x =: 0 ; and confequently 



[X ^y] = iiL-zi?:. 
*• 2axy — ; 



2axy — yy 



Suppofing 
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Suppofing the numerator 4*’ ay' = 0, we, from thence and 
the equation of the curve, find x = o, alfo x = ; and the 

rcfpedive values of y are 0, and 



Suppofing the denominator 2axy — = 0, we, from hence 

and the re- 






and the given equation, find x — 0, alfo :c = , 



Ipeflive values of y are 0, and 



3^' 



ift. Taking 6 = 0, d will be = <?, and d -{• x — 

(the quantity to be fubftituted for y, in the equation of the 

curve,) Therefore x* — 

will be = 0 } where, it is obvious, that, to determine q as taught 
above, m may be = 0, alfo m — 



If m he = 0, X* — <**’ 01 + c*’Qlwill be = 0. Therefore, 
in this cafe, (dividing by x\ and then taking x = 0,) — aq' -{■ cq* 

is = 0, or q' — ~q* = 0. Here q has three values, two of 

which are each = 0, and the third = — . 

e 

Therefore, by Cor. i. of the laft Art. the point (A), where Fig. jr, 
X begins is a triple point in the curve j and two of its branches 
touch each other at that point. Moreover, q being to unity, as 
the ordinate to the fubtangent j and the value of q which rdates 
to the faid two branches being = o; the tangent to thefe branches 
at A coincides with the bale AF : and, the value of q which 

relates to the third branch being tangent (AG) to this 

branch at A makes an angle GAH with the bale, fuch, that GH 
(which is fuppofed parallel to the ordinates of the curve) is 

to AH, as ^ to j. 

If m be equal to L, x* — - tfx*Ql+ fxlQJ^ will be = a. 



Hence 
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Hcncc I — aq' o, and y = -L , Therefore, by Cor. c. 

of the laft Article, there Is a cufpid of the firft kind at A, the 
tangent to which is coincident with the bafe j and (x being 
always fuppofed poCtivc when the abfeifla is on the riglit of Ac 
point at which it begins,) the branches forming fuch cufpid arc 
on the right of the fame point : which agrees widi what we 
difeovered by confidering m equal to o. 



adly. Taking b equal to d will be = Therefore 



/ITU 



- (abridged agreeable to our Remark) is = 






iabd — ^ ^ ^ labd — 



4 X — b y. Lx b* 

~ ~ iy ^ — yd' 



= w + I X y when x is = ^. Whence it is manifeft, that 

w is = I, and q = — Therefore, q being a negative 

quantity, it follows from what is faid above, that the ordinate 
BP (~ d) is a maximum when (AB) the correfponding abfeifla 
is equal to b. 



3 dly. Taking b equal to d will be = Therefore 



(abridged according to our Remark) is = x — ^1 ” x 






jP—-ad' 



= OT + I X f when x is = ^. It appears 



tmL — bed . q . X — 
therefore, that « is L, and 



Ab' — ad* , 



xab — bed X q 



\q : Hence 



q is found = -J 
i ^ ab — yd 

Now, being greater than and ab lefs than ^cd, the 



value of q is imaginary, and the value of — il*" x f is real. 
Therefore, by Cor. 6. of the laft Article, the ordinate ef (— d) 
touches a continued arch when (Ae) the correfponding abfeifla is 
equal to b } and the arch fo touched Is on the left of the faid 
ordinate. 



Ex.\mple 



Digitized by Google 



Chap. VIII. ANALYSIS. 

Example II. Let the equation of the curve be x* — * 2x'y — 
4xy‘ + y‘ — y' = o. 

Then, by refidual divifion, we have 4^’ — 4)^ — 4y‘ — 
2x* [x [x ^y] zy[x ^y] — jy* [x j__y] = 0 ■, and 

confcquently ^ jr] = • 

Suppofing the numerator 4x' — ^ — 4y* = 0, we, from 
thence and the equation of the curve, find x = o, alfb x = 2 ; 
and the refpeftivc values of y are o, and — 4 j y being, in fuch 



Suppofing the denominator 2x‘ + 8xy — 2y -{• jy* = 0, we, 
from hence and the given equation, find x = o, or x = 2, or 

X = A j and the refpcdtive values ofy are o, — 4, and ^ i y 



being, in this cafe. 



9** 8jr’ — 2J(‘ 
16* — 204f*— 2' 
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ift. Taking b equal to 0, d will be = 0, and d + x — b\ 

yQ^=Qx’"'^'. Therefore, this laft quantity being fubftitutcd 
inftead of y in the equation of the curve, we have • 

= o : 

And here, to determine q, m muft be = i. 

Confequently i 2Qj^ 40 ^ + Ql: — Q^* is = o ; from 
whence we have i — 2y = o : And y having two equal 
values, each = i, there is, agreeable to Corol. 2. of the laft 
Article, a cufpid of the fecond kind, at the point A, • where Fig. 52. 

X be- 



• By Corollary 2. of the laft Article, there is either a cufpid of the fecond 
kind, at the point A; or the bafe touches two continued arches, at that point. 
To know whether the curve has a cufpid there, or not, fome farther enquiry 
concerning the value of Q_is requifite Having found, that Q.is = i when x 

is = o, wc may fuppofe Q.= i Jf'Q., n being fome pofitive number or frac- 
tion, and (^fuch a function of ar, that neither it nor its reciprocal (hall vaniftt 
upon taking x equal to o, 

I.et therefore i 4 ar'C^bc fubftituted inftead of Q_in the equation i — a^ 
+ — (Vaf* =: o: And then, from the refulting equation, » may 

P be 
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X begins ; the tangent to which coincides witli the bafe, and the 
convexity of the branches forming fuch cufpid is downwards. 

2dly. Taking B equal to 2, d will be = — 4, and x*-f- 8x* 

— 64X -f- 80 — 2 — i6x -{- 28 X X — X 0 ^ 4 “ 



12W+2 — , 

13 — 4 XXX — 2 ) X — X — 

appears therefore, that x -|“ 4* + 20 x x — 2I -\- 28 — 2x 

XX 2| ^ X Q_+ 13 — 4XXX 2\ X 0^ ^ 

X — 2l^”’’*’^x is = 0} and that, to determine y, m muft be 

= 0. Confequcntly (dividing by x — 2I , and afterwards tak- 
ing X = 2, and Q_= q,) 32 -j- 24^ + 5f‘ is = 0, and 

q — — 'Y i Ucre, thefe values of q being ima- 

ginary, the ordinate d, by Cor. i. of the laft Art correfponds to 
a conjugate point, when the abfciifa is = 2. 

3dly. Taking 6 equal to d will be = Therefore 



5 « + 3 



x(^= 



It 



- (abridged agreeable to Our Remark) is = x — 3 | 



• m 



4 i» — 4 ^/* 



10 /I a 



^ = OT -f- * ^ ? when X is = ^. It is evident 

therefore, that m is = — — , and — = Iq : 

^ Tjf ^ 

Hence q is found = x i' — id — /. 



be determined, and alfo f, the value of Q.when x is = o, in the fame manner 
as m and g are determined above. 

By proceeding in that manner, n u found =: — , and y = + 2. Confe- 

qucntly y (= Q»*) is = ( 5 . being fuch a fundtion of x, that its 

value is + 2 when x is = 0. Whence (x^CL being imaginary when x is ne- 
gative,) it appean, that the curve is not continued on the left of the point A. 
Therefore, by what is faid above, there mufl be a cufpid of the fecond kind, at 
A, as in Fig. 52. 

And by puifuing the faow method, wt may be lalished in other fuch ambi- 

Confe- 
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Confcquently, the value of q being imaginary, the value 

of — i\” X y is real : and, by Corel. 6. of the lafl Art. the 
ordinate BD (= d) touches a continued arch, when (AB) the 
correrpondent abfeifra is equal to b ; and the arch fo touched is 
on the left of the faid ordinate. 

Example III. Suppofe x* — 3xy* + y’ = o. 



Then will [x _t. yl be = ^ 

Suppofing the numerator 3X* — jy* =s 0, we, from thence 
and the other equation, lind x = p, or x = >/ 2, or * s= — y/ 2% 
and the rcfpc^live values of y are e, 2, and ■— \/2. 

Suppofing the denominator 6 >y — = 0, we, from hence 

and the firft equation, find x = 0, or x = -^ x v/2, or 

X =s — X %/ 2, and the refpe^ve values of y are 0, 

X v/ 2, and — X %/ 2 . 

ift. Taking b equal to c, d will be = &, and d + x — 

X Q^= Qx”" ^ *. Therefore x’ — 3QI***” ^ ^ is 

= 0 i where, it is obvious, m may be = o, alfo m = — — . 

If m be equal to 0, 1 — 3^* will be = 0 : Hence q is found 

= ^ , or y = — ^ . By thefc two values of q it appears, 

that two branches of the curve interfeft each other at A, the Fig. 53. 
point where X begins: and that the tangents (AG, A^) to thofc 
brandies, at A, make equal angles (GAH, gAb) with the bafe 
AE ; and fuch that GH and gb (which arc fuppofed parallel to 
the ordinates of the curve) are to AH and Ab rcfpedivcly, 

as— I to I. 

If OT be equal to — — 3 q' will be = 0 : Hence 

we have y 3 * . Therefore, by Corollary 4. of the laft Article, 

P 2 A 
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A is a point of contrary flexure, in another branch of the curve j 
the tangent to which, at that point, is parallel to the ordinates ; 
and, q being pofitivc, the value of y correfponding to this branch 
will be pofitive when x is pofitive. 

adly. Taking b equal to + v/a, d will be = + \/ 2 . 



Therefore 






(abridged according to our Remark) is = 



Jr* — 2 



3 . 



X — •J 2 XJr-j-V^ 2 - ^ 

bid - sd* — ^ tld-sd* — w-j-ixy 

when is = ^. Whence it is evident, that w is = i, and 

q = Therefore, q being negative when ^ is = y/z 

and pofitivc when ^ is s= — 2, it follows, from what is faid 

above, that the ordinate BP (= 2 )isa»nij( 7 ««OTwhcn (AB) 

the correlpondent abfeiJ^a is = 2 ; and that the ordinate hp 

{— y/ z) IS a minimum when (Ab) the abfeifla correfponding 

thereto is equal to j b being on the contrary fide of A, 
from B ; and the point p below the bafe. 

3dly. Taking b equal to + -^ X 2, d will be = + A x 2. 

R. ^ 

Therefore — ; (abridged agreeable to our Remark) is = 



X — b\ 






^ = « + 1 X ^ when X is = b. 

— • 5 '^? • * — ^ 

Whence it is manifeft, that is = — ■j, and q = | . 

Confcquently, the value of q being imaginary or real, and the 

value of — - il” X q real or imaginary, according as ^ is taken 

equal to-^x\/2 or — xv^2; the ordinate EF (by Cor. 6 . 

of the laft Art.) touches a continued arch, when (AE) the 

abfeifla anfwering thereto is equal to x \/ 2, and the arch fo 

touched is on the left of the faid ordinate : Ilkewifc the ordinate 
tf touches a continued arch, when (Ae) the correfpondent abfeifla 

is 
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is equal to AE ; t being on the contrary fide' of A, from E ; 
and the point f below the bafe ; and the arch fo touched is on 
the right of the faid ordinate ef. 

6 . 

When m is = o, and the curve is continued on both fides 
of the ordinate dy that ordinate may pafs tlirough a point of 
contrary flexure, the tangent to which is oblique to the bafe and 
ordinate. — Suppofe P to be fuch a point in the curve 'Pf, and let Fig. 54. 

be a tangent at that point. Then, the ordinate ef, interfeft- 55* 
irig that tangent in g, being called y j the ordinate BP, d j and 
the abfeiflas AB and A^, b and x reipedively \ ef — eg will be 

z=. y ^ d — X — by.q, q denoting the value of [xji.y'] whed 
xK=b, i. e. qh = a -f- Subtang. Which value of ef — eg, 
it is njanifeft, will (as when it relates to Fig. 54 .) be pofitive 
when X is greater than b, and negative when x is lefs than b j or 
(as when it relates to Fig. 55 .) pofitive when x is lefs than b, 
and negative when x is greater than b. Therefore; by Chap; 4 . 

Art. 3 . X — b\ (L.may be- alTumed y d — x — by. q\ n 
being an odd number, or a fraddon whofe numerator and deno- 
minator are both odd numbers ; and C^fuch a fundtion of x, 
that neither it nor its reciprocal lhall vanilh upon taking x equdl 

to b. From which alTumed equation we have y — d'-\-x — b ,q 

-}- X — bV. Therefore, y being before fuppofed — d -\- 

X — b\ Q, it is evident q x — b^ *x Q^will ‘ be — Qj 
where, it is plain, » muft be greater than i : 

Let therefore q -j- x — b\"~^x ^be fubftituted inftead of Q, 
in any equation found by fubftituting, and taking m equal to 0, 

as in the preceding article : And thfen, fuppofing y to be'thc 

value of ^when x is = ^, « and ^ will be determined in the 
lame manner as are m and q in that article. 

By the value of « (fo determined) it will appear whether the 
ordinate d correfponds to a point of contrary flexure, or not;, 

and,' 
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and, if it does correfpond to fuch a point, the value of q will 
flicw the tendency of the curve on both fides thereof, the con- 
vexity of the branch on tlie right of that ordinate being down- 

wards or upwards, according as q is pofttive or negative. 



Example. In Examp. 3. of the laji article, y is = o, ivhen 
X is =.0: and by fubilituting ^ inftead of y, in the equa- 
tion of the curve, we get x’ — Q^xS^+S— oJ 

from whence, by taking m equal to 0, and dividing by x*, wc 
have I ^ 3QI+ = o. Hence q (the value of Qjwhen x 

is = 0) is found s=z + ^ 

3 

Subllituting q x"’“'Q^inftead of Q^, we have 

6yx«-'CL— ] 

yV -f- 5?V+*Q^+ ioyV"Ql-f ioyx3'‘-»^4-! = o- 



Here, it is obvious, « muft be = 3 } and confequentJy 
q' — 6qq = 0 . 

Therefore ois = ^j (=— , as well when q is = — , 
I 6 ' 54 3 

as when q is 3= J ») appears that the two branches of 

the curve, whofe tangents at the point A are AG and A^, have 
each a point of contrary flexure at A, as in Fig. 53. 



P being a point of contrary flexure, and the abfeifla and 
ordinate correfponding thereto being called |8 and S refpeftively j 
and the value of [x -s-y], when x is = jS, being denoted by q ; 

r — ^ — X — & .q, as is fliewn in the preceding article, will 
politive when x is greater than / 3 , and negative when x is lefs 
than ]Q } or pofitive when x is lefs than / 3 , and negative when x 

is 
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is greater than ( 3 , how near foever x be taken to jS. There- 



fote, 



j — ? — &.q 



x — e\ 



being pofitive or negative according as 



y — S — X — fi.q is pofitive or negative, it follows from Art. i. 
Chap. 4. that the value of reciprocal, 

will be = <?, when x is = / 3 . 

Now, by what is taught in Chap. 2. the value of'^^ — ^ 



■y— g.f 



^ * 

when X is = / 3 , (i. e. wheny is = S,) is = the value of 



Confequcntly [x -u. y] is = 0, or 



= 0, when the 



[at 

ordinate y correfponds to a point of contrary flexure : And the 
fame conclufion follows, from confidering that [x _t. y], the 
quotient of the ordinate divided by the fubtangent, is then a 
minimum^ as in Fig. 54. or a maximum, as in Fig. 55. 

Moreover, fuppofing jS to be a value of x, and S the corre- 
fjx)ndent value of y, in cither of the equations [x y] = 0, 

or — - — = 0 i and afluming x — - jSfx Q 

[jf— /] * — 



= / 3 , 



n 

= q. And 



being fuch a fundlion of x, that neither q, the value of 
when X is = jS, nor the reciprocal of that value (hall vani/h 

we have - ^ ^ Iron' whence, when x is 

n -{• 2 . X — '*’* X — 

it follows, from what is before faid, in this and the 4th Chap, 
that, the curve being continued on both fides of the ordinate f, 
if n be an odd number, or a fradlion whofe numerator and 
denominator arc both odd numbers, [x -^y] (when x is = / 9 ) 

will be a minimum or a maximum, according as q is pofitive or 
negative ; and the faid ordinate 3 fhall pafs through a- point of 
contrary flexure. But if n be an even number, or a fradlion. 
whofe numerator is even and denominator odd, fuch ordinate 
will correfpond to a point of the curve where the curvature is 

mibing 



; 

i 
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nothing or infinite^ and the concavity of the curve is turned the 
fame way on both fides of that point. 

When [x ^y\ is a fundtion of x without y being concerned 

therein, n and q will be determined in like manner as are m 
and q when [x ^ y] is fuch a fundtion of x. 



To find n and q when the value of [x confifts of terms 

in which both x and y are concerned, let ^ ^ ^ • 9 “1" 

X — Q^be fubftituted for in the equation of the 

curve ; or ^ ^ for y in either of 

the eouations [*->] — 7 — _ ^ when x is = fl. or 

^ + ‘ 

= y when x is = /9. From either of 

n I . » 4" 2 . AT — il 

which equations, after fubftitution, n and q may be determined 
in the fame manner as m and q are determined above. 

Corollary I. n being an odd number, or a fraction whofe 
numerator and denominator are both odd numbt:rs, as many 

fingle different real values as q has, fo many different branches 
of the curve are continued on both fides of the ordinate each 
having a point of contrary fiexure at P, the point to which the 

faid ordinate correfponds : And two equal values of q denote two 
fuch branches, both turned alike ; or a cufpid of the fecond kind, 
at that point. 

Moreover, (x being fuppofed pofitive when the ablcifia is on 
the right of the point where it begins) the branch of the curve 
on the right of the ordinate J will have its convexity downwards 

or upwards, according as q is pofitive or negative. 



Corollary 
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CoROLiARY II. n being an even number, or a fradion whofc 
numerator is even and denominator odd, as many fingle different 

real values as q has, fo many different branches of the curve are 
continued on both fidcs of the ordinate J, touching each other 
in P, and each having its curvature nothing or injinite, at that 
point, according as n is politivc or negative: And two equal 

values of q denote two fuch continued arches, both turned one 
way } or a cufpid of the fecond k^nd, at P. 

Moreover, according as q is pofitive or negative, the branch 
to which it relates will, at P, have its convexity downwards or 
upwards. 

Corollary III. n being a fradlion whofc numerator is odd and 

denominator even, as many fingle different pofitive real values as q 

and — il” X q have, fo many cufpids of the firll kind will be 

formed at P : and two equal pofitive real values of q, or of 

— il"x q, denote two fuch cufpids, at that point, both point- 
ing one way j or a cufpid of the lecond kind there. 

Moreover, {x being fuppofed pofitive when the abfeiffa is on 
the right of the point where it begins,) according as the value 

of y or — 1 1 X y is real, the branch or branches forming the 
cufpid to which fuch value relates will be on the right or left of 
the ordinate S. 

Corollary IV. n being = o, as many fingle different real 

values as q has, fo many different branches of the curve are 
continued on both fides of the ordinate S, touching each other 

in P : and two equal values of y denote two continued arches of 
equal curvature at P, and both turned one way ; or a cufpid of 
the fecond kind, at that point. 
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The tangent, at P, to fuch cufpld, or continued arches, will 

be oblique to the bafe and ordinate } and, according as f is pofi- 
tivc or negative, the branch to which it relates will, at P, 
have its convexity downwards or upwards. 

Having faid fo much concerning curves referred to a bale, 1 think 
it untucejary to add any thing here relating to Spirals /o •vobicb 
kind of curves the intelligent fleader •wiU readily apply the above 
method of reafoning. 




THE 
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CHAP. IX. 

Of the Asy.mptotes of curve Lines. 

S a knowledge of the tendency of the infinite branches 
of a Curve, when fuch there are, is requihte for the 
obtaining a clear idea of the figure of fuch Curve, 
and may fometimes facilitate the bufinefs of finding 
the mofl diftinguifhcd points therein } I fhall there- 
fore point out an eafy method of finding the Afymptotes to fuch 
branches, by which means their tendency may be very readily 
difcovcred. 

A branch of a curve when infinitely continued may be con- 
lidered as coinciding with its afymptote. If therefore m and n 
be refpcftivcly put for the fines of the angles which a rectilinear 
afymptote makes with any ordinate and the bafe ; or for the lines 
of the angles which the tangent to a curvilinear afymptote, when 
extended infinitely, makes with any ordinate and bafe ; m will 
be to », as [•o.-.x] to ['u_i.y], when the cun^e is infinitely con- 
tinued. Confcqucntly, if from the equation of the propofed 
curve, (which fuppofe clear of furds,) we, by refidual divifion, 
(■» — V being the divifor,) deduce a fecond equation, and therein 

write m and n inllcad of [u^x] and [v j-v] refpcCtively, we 

C^2 Ihalf 
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(hall obtain the equation of an afymptotic line, one dimcnfion 
lower than the given equation, where m and n will be fome 
invariable quantities, which will be determined in confequence of 
this procefs. And, the propofed curve being above the fecond 
order of lines, we, from the equation of that firft afymptotic line, 
by the like refidual divifion, and again fubftituting m and n inftead 
of [“u ^ A,-] and [*0 j_y] refpedbively, may deduce the equation 
of a fecond afymptotic line, two dimenfions lower than the 
given equation. Likewilc, the propofed curve being above the 
tliird order of lines, we, by our faid divifion and fubftituting as 
before, may derive, from the equation of fuch fecond afymptotic 
line, the equation of a third afymptotic line, three dimenfions 
lower than the given equation. And fo, with great facility, we 
may proceed with any given equation, till we get equations of 
afymptotic lines of every dimenfion lower than the given equa- 
tion : alfo, from the loweft of thofe equations, (viz. that of one 
dimenfion,) we may, by continuing the fame procefs, obtain an 
equation containing no other unknown quantities but m and n } 

from whence — , or — will be determined ; and then all that is 

n m 

requifite, in the feveral equations of the afymptotic lines before 
found, will be known ; and confequently the tendency of fuch 
lines, and of fuch branches of the propofed curve to which they 
are afymptotcs. 

Scholium I. The pofition of the ultimate tangent * to a 
parabola being not determinable, fuch tangent only coming, at 
an unlimited diftance, almoft to a parallelifm with fome certain 
right line : when the afymptotic line (exprefTed by any equation 
found as above) is of the parabolic kind, it will appear by fome 
equation in the above procefs, that m (or n) cannot be taken 
ab'blutely equal to its apparent value in the final equation in the 
faid procefs, without occafioning an abfurdity ; and the impofli- 
bility of a reftilincar afymptote will be evident. Therefore, in 
fuch cafe, we are to confider m (or «) only as approaching very 

near to fuch apparent value ; and accordingly, inftead of (or ^ 

fubftitute its value obtained from fome equation before found. 

• By uUimatt ttr.gtnt, I mean Ac tangent to an infinitely diftant point of 
the carve. SCHO- 
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Scholium II. It may happen that the afymptotic equation 
of two (or more) dimenfions, found by our procefs, will ex-, 
prcfs two (or more) right lines, inflcad of exprefllng a curve. 
In which cafe, to find the moft Ample hyperbolic alymptote 
of the branches to which a reftilinear one ib found relates, fome 
farther enquiry is requiiite. Suppofe the equation of a redlilinear 
afymptote (found by the above procefs) to be y = -|- B. 

Then, it is obvious, the branches to which fuch right line is an 

afymptote may be exprefled by the equation y= Ax-j-B-j-x^Q; 
p being fome negative number or fradion, and Q^fuch a func- 
tion of X, that neither {q) the limit to which it converges, when 
X (being a very large quantity) is taken greater and greater, 

nor the reciprocal of that limit, fliall be = o. And it is 

likewife obvious, that y — Ax B -|- yx^ is the equation of 
the moft Ample curve which may be an aiymptotc to fuch 

branches. Therefore let Ax -|- B x^QJje fubftituted fory in 
the given equation j and take p of fuch a negative value in the 
refulting equation, that the fame, after it is divided by the higheft 
power of X therein concerned, fhall not, upon fuppoAng x in- 
finitely great, confift of lefs than two finite members : From 
whence q may be determined. 

Example I. Let the equation of the cun:e be y*— ax*y* -|- 
bx‘ = o j a and b being invariable pojitive quantities. 

I'hen, by proceeding as above mentioned, we find the 
ift afympt. equat. 41^’ ” 2tf»xy ® » 

S 1 

— am y 

ad afympt. equat, bny ' — /{amnxy ^bm^x = o j 

— <i«‘x‘ 

3d afympt. equat. ^n'y “ ° • 

alfo n* — am^n* = o j 
where — is = o, or = + s/~a . 

Taking 
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Taking — equal to a * and a* fucccflively, it appears, 
by tlie 3d afympt. cquat. that the curve has two refUlInear alymp- 

totes, whofe equations are la^y 2a x 3 o, and — - ta~y 

— za^x b z=i Oi and, by the 2d afympt. equat. that the two 

I. 

hyperbolas, whofe equations arc ^ay' — 4a*xy — a'x* -}- 3^ = o, 

X 

and 5ay‘ /^xy — ^ a' x' 3^ = o, are afymptotes of the 

propofed curve j alfo, by the ift afympt. cquat. that the curve 
has for afymptotes two lines of the third order, whofe equa- 

JL X }. 

• tions are — zoxy*^ — 2a'^x'y -f- '^bx' = o, and — - — - 

^ zaxy' + -j- ibx' = o. 

Taking ^ equal to o, we have, from the 3d afympt. equat. 

b’~ o: which is abfurd, (as b is fupp>ofed of fome value,) and 
therefore, according to Schol. 1. fliews that there is no rcdtilincar 

afymptote parallel to the bafe ; (the final equation -^ = o only in- 
dicating, that the ultimate tangent of fome parabolic afymptote has 
• nearly that diredlionj) and that, for the faid afymptotic equation to 

be a true one, — mufi not be confidered as abfolutcly = o, but 

m 

only as indefinitely fmall, fo that being multiplied by a very great 
quantity, the produft may be fomething confiderable (viz. = b). 
Therefore, from that confidcration, retaining the terms wherein 

the root £ is found, (after dividing by w’,) as being moft con- 
fiderable ; and rcjedhng thofc in which the higher powers of 

— arc concerned, as inconfiderable j we have — b, or 

m 

— = Which lail quantity being fubftituted for — in the 
fccond afymptotic equation, after dividing by w* and rejedling 
tlic terms wherein ~ is concerned, we get bx — ay' = o. 

m 

Confcqucntly the conical parabola exprefled by this lafl equation, 
is an afymptote to tlie propofed curve.* Moreover, by fubftitut- 

ing — inftead of — in the i ft afympt. equat. it appears that a 

line 
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line of the third order, whofe equation is by — axy' ahx^ = Oi 
is an afymptote to the fame curve. 

Example II. Let the equation ef the curve be 

xy' "Jc ej ax' — • ^x‘ — - rx — </ =r= o t 

TVhicb is the chief equation in Sir Isaac Newton'j Enumerai, 
Linear. Tert. OrMnis. 



Then, by refidual divilion, we find the 
% 

ill ajympt. equat. _j_ «z — - "^amx* — *• zbmx 

ad tfytnpt. equat. _j_ ■*“ Zttm'x — brn = o : 

alfo mn' — am' = o j • 




where — is ^ o, and — = + -L. •' 

« n — 

It i» evident therefore, that, when « is a pofitive quantity, 
the curve has three reitilinear alymptotes ; one of which, as 
appears by the fecond afymptotic equation, is the principal or- 
dinate, and the other two are exprclTcd by the equations 

t A 

2<i‘y — 20X —“3 = 0, and + 2ox -J- 3 = o. More- 

over, by taking — equal to o, -j, and — fucccfllvely, in 

the 1 ft afympt. equat. it appears that the curve has for afymptotes 
the three hyperbolas, wnofe equations are 2 s<y e z= o, 

-1 • * I 

y* 2a'3^ a'e — 3<7x‘ zbx — c = o, andy* — 2 a' xy 
«— d'e — 3 «x* — 2 bx — £■ = o. • 



When <* is = o, mn is = o ; whence — = o, or — = o. 

• n m 

Therefore, if 3 be not alfo = o, it is manifeft, from the fecond 
alympt. equat. that the curve cannot have a redtilinear afymptote 

parallel to the bafe : But (rqc^Ung ^x as inconfiderable) we 

have. 
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have, from that afymptotic equation, — = — . Which laft 
quantity being fubftitutcd for in the ift afympt. equat. 
after rejefting — as inconfiderable, we get y* — bx c — o. 

fti 

Confequendy the parabola expreffed by this lafl equation is an 
afymptote of the propofed curve. 

If both a and b be equal to o, the 2d afympt. equat. entirely 

vaoUhes when is taken equal to o ; and from the ift afympt. 

equat. we then have y* — r = o, which is an equation to two 

right lines parallel to the bafe. From whence we have y—c'^y 

and y = — c**'. Therefore, in this cafe, the curve has two 
redlilinear afymptotes parallel to the bafe, one above and the 

t 

other below } and the diftance of each from the bafe is c^. And 
it is plain, thefe afymptotes, when c is = o, both coincide with 
the bafe. 

, It is obfervable, that, in every cafe, the principal ordinate is 
an afymptote. 
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C H A P. X. 

Of the Diameters arid Centers of curve Lines. 



finding the forms and properties of curves, we 
frequently have occafion to enquire concerning 
^ their diameters and centers : It may therefore be 
^ 4K )*")< worth while to (hew the ufc of our dodrine in 
(35ri)9Cjt fuch enquiries. 



I. 

When any number of parallel right lines, drawn between two ' 
branches of a curv'e, and terminated by thofe branches, are all 
'bifeded by fome line, 1 call fuch bifeding line a diameter of the 
firfi kind. And, any number of parallel right lines being drawn 
between two extreme branches of a curve, and cutting the inter- 
mediate branches; if thofe parallels be interfeded by fome line,* 
(which is not fuch a diameter as juft now mentioned,) fo that the 
of the parts of any parallel, lying on one fide of tliat 
interfeding line, and terminated by it and a branch of the curve, • 
be equal to the part, or aggregate of the parts, of the lame 
parallel, terminated in the feme manner, lying on the contrary 
fide of the feme interfeding line ; I then, for diftindion fake, 
call fuch interfeding line a diameter of the feeond kind. When 

R all 
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all the redilinear diameters of this fecond kind, appertaining to 
any curve, interfedl each other in one and the fame point ; fuch 
point of intcrfedlion, I prefume, may, not improperly, be called 
a diametric pole. 



2 . 

A point bifcdling all right lines drawn through it, and ter- 
minated by two branches of a curve, I call a center of the firjl 
kind. And, any number of right lines being drawn through a 
certain point, terminating at the extreme branches of a curve, 
and cutting the intermediate branches if the aggregate of the 
parts of any fuch line, lying on one fide of that point, and ter- 
minated by it and a branch of the curve, be equal to the part, or 
aggregate of the parts, of the fame line, terminated in the fame 
manner, lying on the contrary fide of the fame point j we may 
denominate fuch point a center of the fecond kind. 



3 - 

Jig. 56. EFG being any curve, whofe abfeifla AB, is called x ; and 
ordinate BF, y : fuppofe efg to be another line, whofe abfcilTa 
Ab, and ordinate b/| (parallel to BF,) are denoted by v and w 
refpedlively ; alfo fuppofe the right line which we will call u, 
always to make invariable angles with thofe ordinates. Then, 
drawing fh parallel to AB, and calling the fines of the angles 
fh'F, J¥by and "P/b'y A, m, and n refpedtively j fh will be 

= and Tb ■=. y. Confequently, writing z inftead of x 

will be = V -|- Mz, and y = w -f- nz. WliicH values of x and 
, y being rcfpe<n:ivcly fubftituted for their equals, in the equation 
of the curve EFG, the nature of that curve will be exprefed by 
an equation (hewing the relation of the three quantities v, w, and 
z ; which may all vary together, w'hilft m and n remain inva- 
riable. And by exprefling the nature of the curve in fuch 
manner, naany ufeful conclufions relating thereto may be very 
eafily inferred. 

4. Suppbfe 
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Suppofe the equation of the curve EFG to be 
a)^y^ + = o : 

and fuppofe that, when v-\-mz and 'W'\-nz are therein rc- 
fpedively fubftituted for x and y, the refulting expreffion, viz. ‘ 

a . V mzf . w 4- ^ . "u -j- • ’w-\-nz'^ &c. is 

= A 4- Bz + C2* + D2’ ;...Pz^ + ^ 

p -\-q denoting the order of the line EFG, and A, B, C, G?r. 
being fundUons of v and iv, in which z is not concerned; 

Then the value of \t u. a . v + mzf . no + nz I'J + 

[t ^ b .nj ~m^ . no 4" when only z is confidered 

as variable, and unity is wrote inllead of [/ u. z], being the 
fame as when v and no are confidered as variable, and z as inva* 
riable, and m and n are wrote inftead of [/ ^ i;] and [/ ^ no] 
refpedivcly ; A, B, C, &c. will be found as follows. 




ift. From the above aflumed equation, we, by taking z equal 

to o, get av^no^ 4 " &c. = A. 

adly. By refidual divifion, maldng t — ^ the divHbr, and, on 

one fide of the afifumed equation, confidering v and no as variable 
whilft z is invariable, and writing m and n inftead of [/ ^ v] 
and [/ no] refpedtively ; and, on the other fide, confidering z 
only as variable whilft A, B, C, (Sc. are invariable, and writing 
unity for [/ _i_ 2] j we get 

amp.v-\-mz\^“‘' .no-\-nzf anq .v -\-mz^ .no -\-nz^ * 

J(-bmr .v-\-mzt no -\-nz^ 4" no.^-nT^ ^&c. 

= B 4 - 2Cz 4 - 3Dz‘ 4 - 4Ez‘ (Sc. • - ' ^ 



Hence, by taking z equal to o, we have 

4 " bnnlnjs'~^- &c. = B. 



R 2 



And 
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And the values of C, D, E, may be found in the fame 
manner. 

It is obvious therefore, that, if, in the equation of the curve 
EFG, (the terms being all brought to one fide,) and the feveral 
afymptotic equations deduced therefrom by refidual divifion, (as 
in the preceding chapter,) v and iv be fubftituted inftead of x 
znd y refpe< 51 ively ; the feveral expreflions, after fuch fubftitution, 
will be the fame as thofc by which (2^, 2;, z', 2:\ &c.) the 
feveral powers of z are rcfpedtively multiplied when v -}- mz and 
•BO -\-nz are fubllituted for x and y in the equation of the curve 
* EFG, as before mentioned. And, by means of fuch expreflions, 
we may not only determine the afymptotes of curves ; but 
likewife, with the greateft facility, may find their diameters and 
centers j and moreover, difeover many other remarkable particu- 
lars relative to the interfedtions of lines. 

Examplb. Let the curve be propofed equation is given in 

Examp. 2 . of the lajl chapter : •which equation is 

xy' ey — ax' — bx' — cx — d = 0 . 

Then, tranfmuting that equation, as above mentioned, we 
have 

war* -{-«£> — av' — bv' — cv — d 
';4- ttiw' 4-- anvzo en — -^amv' — ibmv — cmx z 
2mn'w — lam'v — bm' x z' 

m/t' — am' x z' 

Now, confidering m and n as invariable whilft v, to, and z vary > 
if z has but two values, and one of them is always as much 
negative as the other is pofitive, the line efg^ with refpeft to 
EFG, will be a diameter of the firft kind : Which will be the 
cafe when the coefficients of z' and z vanifli, and, at the fame 
time, the coefficient of z' and tlic terms in which z is not con- 
cerned, do not vanilh. Therefore, ^ being as determined by 

the equation mn* — am' = o, let the equation of the line efg 
be the coefficient of z put = o, i. e. 

OTTO* + znvw ’j- en ^ lamv' ~ 2bmv cm :=z o; 

and 
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and that line will be a diameter of the firft kind, with refpedl: 



to the curve EFG. Moreover, — having three real values when 



a is pofitive, there will then be three fuch diameters ; which will 
be exprefl'ed by the lame equations, by which the hyperbolic 
afymptotes of the curve EFG are exprefl'ed, in the fecond Ex- 
ample in the preceding Chapter ; and, efg being fuch a diame- 
ter, Vf will be parallel to a rectilinear afymptote of the fame 
curve. 

The equations exprefling thofe diameters are zvw -j- ^ = o, 

I * I 

w* za'^vio -\-a'e — 3<7‘U* — 2 iv — c = o, and w* — 2a^vw 
1 

— a^e — 3 ^ 1 ;* — zbv — c == o. The firft of which, when 
^ is = o, cxprcflTes two right lines, one coinciding with the 
bale, and the other with the principal ordinate ; whereof, the 
former is a diameter of the firft kind, and the latter an afymptote 
of the propofed curve. By the fccond of thofe three equations, 



w IS = 



i. JL / I I 

— a'v + 2a*y/ v’’ -f- " ■ by the third. 



•w 



is = a^v + 2 (i^ J V + — -u 4- f ~ 

— V > 2a ‘ j^a 



It appears there- 



fore, that if — be = c — a^e, or — = c4- the fccond or 

third of thofe three diametric equations will accordingly exprefs 
two right lines ; one of which will be a diameter of the firft kind, 
and the other an afymptote of the curve EFG : and that, if e 

be s=: o, and — z=z c, the fecond and third of the faid diametric 

equations will each exprefs two right lines j whereof, one will 
be a diameter, and the other an afymptote, as juft now men- 
,tioncd ; fo that, in this laft cafe, the propofed curve 'will have 
three reClilincar diameters of the firft kind. 



If ahe ■=. o, the feepnd and third diametric equations both 
become — 2 l>v — - c = o, an equation to a conical parabola } 

which differs a little from the parabola that, in the fame cafe, 
is an afymptote to the curve : and this diametric parabola will 
bifedl lines drawn parallel to the bafe, and termuiatcd by two 
branches of the propofed curve, 



Digitized by Google 




26 . THERESIDUAL 

If both « and b be equal to o, the coefficient of 2 * will 

vaniffi when is = o ; which ffiews that no right line parallel 

to the bafe can cut the curve EFG in more than one point. It 
is therefore obvious, that, in this cafe, (as well as when a is 
negative,) the curve will have but one diameter of the firft kind, 
which will be exprelTcd by the firft of the three diametric equa- 
tions above written. 

It is manifeft, that, if the equation of the line cfg be tlie 

coefficient of z' put = o, i. e. -f- nv — — bni" 

= o i let be what it will, (provided it be not a root of the 

equation ^ = o.) that line will be a diameter of the 

iecond kind, with refpedl to the curve EFG. 

And, ~ being of any value whatever, when b is = o, to in 

the laft mentioned diametric equation will always be equal to o 
when V is equal to o ; and confequently the point where v (or x) 
begins will, in fuch cafe, be a diametric pole. 



In finding a center of either kind, by our method, muft 
not be confidered as a line, but as a fixed point j and therefore 
V and w muft be confidered as invariable, in the coefficients of 

the feveral powers of a, whilft ^ and z vary. Now, as muft 

be variable, it is plain, that mn' — cot’, the coefficient of z\ 
c-annot be equal to o. Therefore, for the propofed curve to 
have a center of the firft kind, the coefficient of z' muft vanifli 

• 

without determining the value of ; and the terms wherein z 

. is not concerned muft alfo vanilh, that the remaining terms 
in the equation of the curve may he divifible by z. Con- 
fequently, when ‘a line of the third order has a center of 
tlie firft kind, fuch center will always be fome point in that 
line. Moreover^ for ( 2 /w«w -}- n'v — 3<7ot*‘u — bm') the 
coefficient of to vanifti without determining the value 
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of — , it is evident v, and w muft each be = o j and fince, 

n 

the terms in which 2 is not concerned being fuppofed = o, 
w cannot vanifli when v vanifhes, unlefs the term J be 
wanting ; it follows, that the curve will have no center of 
the firll kind, unlefs b and J be each = o ; and that, if 
the terms bx^ and J be wanting in the propofed equation, 
the point where the abfeifla (x) begins will be a center of 
that kind. 

It is obvious, that, if the coefficient of z' vaniffies without de- , 

termining the value of and, at the fame time, the terms in i 

which 2 is not concerned do not vanifli j the curve will have a 
center of the fecond kind. Which will be the cafe, when b, v, 
and w are each = o j and the term d, at the fame time, is not 
wanting : the point where the abfeifla (x) begins being then fuch 
a center. 

This Chapter might be extended to a great length, in expati- 
ating on the ufefulnefs of our method of tranfmuting the equa- 
tion of a curve j but what is already faid may fuffice to enable 
the intelligent Reader to make a farther application of it, at 
his pleafure. 

In the inveftigation of propofitions, as well phyfical as geo- 
metrical, the relation between two variable quantities is frequently 
the objedt of our enquiry ; and fuch relation never appears more 
clearly, than when one of thofe quantities is confidered as tlie 
abj ^eijja, and the other as the correfpondent ordinate of a curve, 
and the form of the curve is properly afeertained. — By confider- 
ing the variable quantities in that light, miflakes are prevented, 
and the moft fatisfaftory conclufions obtained, in various intcreft- 
ing difquifitions, particularly in the relblution of problems relat- 
ing to the maxima and minima of quantities. — Now, in afeer- 
taining the form of a curve from the equation thereof, the 
Articles in the laft three Chapters will, I prefume, be 'found of 
» confidcrable 
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